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Abstract

A general approach to implementpropagationandsim-
plification of constraints consistsof applying rules over
theseconstraints. However, a difficulty that arises fre-
quentlywhenwriting a constraint solveris to determinethe
constraint propagationalgorithm. In previouswork,differ-
entmethodsfor automaticgeneration of propagationrules
for constraints definedover finite domainshavebeenpro-
posed[3, 15, 1]. In this paper, we presenta methodfor
generating propagation rules for constraint predicatesde-
finedbymeansof a constraint logic program.

1 Intr oduction

In constraintreasoning,algorithmsare often specified
usinginferencerules,rewrite rules,sequents,or first-order
axiomswritten as implications. In previous works differ-
ent methodsfor automaticgenerationof propagationrules
for constraintsdefinedover finite domainshave beenpro-
posed[3, 15, 1]. It hasalsobeenshown in [2] that these
rulesgeneratedautomaticallycanleadto moreefficientcon-
straintreasoningthanrulesfoundby hand.

In this paper, we presentan algorithm, called PROP-
M INER, that canbe usedto generatepropagationrulesfor
constraintpredicatesdefinedby meansof aconstraintlogic
program.The useronly hasto determinethe semanticsof
theconstraintsof interestby meansof their intentionaldef-
initions (a constraintlogic program),andto specifythead-
missiblesyntacticform of theruleshewantsto obtain.

The generatedrules canbe directly encodedin a rule-
basedprogramminglanguage,e.g. Constraint Handling�
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Rules(CHR) [5], to providea runningconstraintsolver.
Thepaperis organizedasfollows. After a few prelimi-

narieson notationandterminology, wepresentin Section3
an algorithm to generatepropagationrules for constraint
predicatesdefinedby a constraintlogic program. In Sec-
tion 4, we givemoreexamplesfor theuseof ouralgorithm.
Finally, weconcludewith asummaryandcomparethepro-
posedapproachwith relatedwork.

2 Preliminaries

Thereaderis referredto [7] for adetailedintroductionto
ConstraintLogic Programming(CLP). In this section,we
give only thoseconceptsandnotationthatwe shallneedin
thefollowing sections.

The CLP programsare parameterizedby a constraint
systemdefinedby a 4-tuple

�������	��
���
��
and a signature�

determiningthepredicatesymbolsdefinedby aprogram.�
is a signaturedeterminingthe predefinedpredicateand

function symbols,
�

is a
�

-structure(the domainof com-
putation),



is a classof

�
-formulas(theconstraints),and


is a first-order
�

-theorythat is an axiomatizationof the
propertiesof

�
.

We requirethat



is satisfactioncompletewith respect
to



, that is, for every constraint��� 

either


�� ���� � or
�� ������ � , where
�� �"!$#

denotesthe existential closureof!
. We alsorequirethat

�
and



correspondon



, i.e.

�
is a modelof



andfor every � in



we have

��� � �� � if f
%� � �� � . Notethattheserequirementsarefulfilled by most
commonlyusedCLP languages.

Definition 2.1 An atomic constraint is a formula of the
form � �'&�( �*)+)*),� &�-.# , where

&�( �*)+)*),� &�-
aretermsand �/� �

is a predefinedpredicatesymbol.
A constrainedclauseis a rule of theform



0�132 (54 )+)*) 4 2 -�476�(54 )*)+) 47698
where

0 � 2 ( �*)*)+)*� 2 -
are atoms and

6�( �*)*)+)*� 698
are

atomic constraints. A goal is a set of atomsand atomic
constraintsinterpretedastheir conjunction.An answeris a
setof atomicconstraintsalsointerpretedastheir conjunc-
tion. A CLP program is a finite setof constrainedclauses.
The logical semanticsof a CLP program : is its Clark’s
completionandis denotedby :<; .

In programs,goalsand answers,when clear from the
context, we use upper caseletters (resp. lower caseand
numbers)to denotevariables(resp.constants).

3 Generationof PropagationRules

In this section,we presentan algorithm,called PROP-
M INER, to generatepropagationrules for constraintsus-
ing the intensionaldefinitionsof the constraintpredicates.
Thesedefinitionsaregivenby meansof aprogramin acon-
straintlogic programming(CLP) language.

3.1 Rulesof Inter est

A constraint patternover a setof atomicconstraints=
is a finite subsetof = . A constraintpattern

6?> = is in-
terpretedastheconjunctionof theatomicconstraintsin

6
.

Thesetof variablesappearingin = is denotedby @BADC � = # .
A propagationrule is a rule of theform

6 (�E 6GF
or of

theform
6 (HEJI ADK"LNM , where

6 (
and

6GF
areconstraintpat-

terns.
6 (

is calledthe left handside(lhs) and
6GF

the right
handside(rhs)of therule. A rule of theform

6�( E�I AOKPLNM
is calledfailure rule. To formulatethelogical semanticsof
theserules,we usethefollowing notation:let Q bea setof
variablesthen

�SR$TU�P!$#
denotesthe existentialclosureof

!
exceptfor thevariablein Q .

Example3.1 Thefollowing propagationrulesdescribethe
(partial)order V thatcanhandlevariablearguments.

W+X V XZY E I ADK"LNM )WNX V�[ � [\V XZY E I ADK"LNM )W+X V][ � [	V�^ Y E W+X VH^ YD)
The first two rules are failure rules. The first rule de-

scribesthe irreflexivity of V , the secondrule definesthe
asymmetryof V andthethird onethetransitivity of V .

Definition 3.1 A propagation rule
W � ( �+)*)+)*� � - Y E

WN_ ( �*)+)*),�`_ 8 Y
is valid wrt. theconstrainttheory



andthe

CLP program: if f :<; ��
a� �cbed � dGf � RST � bhgi_ g #
, where

Q is thesetof variablesappearingin
W � ( �*)+)*),� � - Y .

A failurerule
W � ( �*)+)*),� � - Y E�I ADK"LNM is valid wrt.



and :

if andonly if :<; ��
j� �k����l� b<d � d # .

To reducethenumberof ruleswhichareuninterestingto
build a solver, we restrictwith a syntacticbiasthe genera-
tion to a particularsetof rulescalledrelevantpropagation
rules. Theserulesmustcontainin their lhs at leastthecon-
straintson which we wantto propagateinformationandall
atomicconstraintsin the lhs mustbe connectedwith com-
monvariables.This is definedmorepreciselyby thenotion
of interestingpattern.

Definition 3.2 A setof atomicconstraints= is an interest-
ing patternwrt. a setof atomicconstraints

2 AmL+MNnporq if and
only if thefollowing conditionsaresatisfied:

1.
2 AmLNM nporq > = .

2. the graphdefinedby therelation sDtru"vlw is connected,
where sDtru�vlw is a binary relation that holds for pairs
of atomic constraintsin = that shareat least one
variable, i.e., sxtru�vlw �yWO� � ( � � F �z� � ( �?= � � F �
= � @BADC � W � ( Y # { @<ADC � W � F Y #�|�~}OY

.

A relevant propagation rule wrt.
2 AmLNMNnporq is a propa-

gation rule such that its lhs is an interestingpatternwrt.2 AmLNMNnporq .
3.2 The PROPM INER Algorithm

In this section,we describethe PROPM INER algorithm
to generatepropagationrulesfrom a program: expressed
in a CLP languagedeterminedby

�"��������
���
��
.

The algorithm takes as input the program : and two
setsof atomic constraints

2 AmLNMNnporq and
6 ADv _ n�oNq usedto

specify the possiblelhs of the rules:
2 AmLNMNnporq is the con-

straint for which we want to obtainpropagationrulesand6 ADv _ nporq is asetof atomicconstraintsfor whichwealready
have a (built-in) solver. The possiblelhs of the rules are
theconstraintsthatarerelevantwrt.

2 AmLNM n�oNq andsubsetof2 AmLNM nporq�� 6 ADv _ n�oNq .
3.2.1 Principle

¿Fromanabstractpoint of view, thealgorithmenumerates
eachpossiblelhs constraintsubsetof

2 AmLNMNnporq � 6 ADv _ n�oNq
(denotedby

6 n�oNq ). For each
6 nporq it computesa setof con-

straintsnoted
6G� oNq suchthat

6 nporq E 69� orq is valid wrt.



and : andrelevantwrt.
2 AmL+M nporq .

For each
6 nporq it determines

6G� orq by callingtheCLPsys-
temto execute

6 nporq asa goalandthen

1. if
6 nporq hasno answerthenit producesthefailurerule6 nporq E3I AOKPLNM .

2. if
6 nporq has a finite number of answersWN� viL ( �*)+)*),�`� viL - Y then let

6 � orq be the least
general generalization (lgg) of

Wr� viL ( �*)+)*)+��� viL - Y



begin

Let � beanemptysetof rules.
Let � bea list containingall non-emptysubsets
of
2 AmLNM nporq�� 6 ADv _ n�oNq in any order.

Removefrom � any element
6

which is not an
interestingpatternwrt.

2 AmLNM n�oNq . Thenorder � with any
totalorderingcompatiblewith thesubsetpartialordering
(i.e., for all

6 (
in � if

6GF
is after

6 (
in � then

6GF |� 6 (
).

while � is not emptydo
Let

6 nporq bethefirst elementof � .
Removefrom � its first element.
Let = bethesetof answersfor thegoal

6 nporq wrt.
theprogram: .
if = is emptythen

addthefailurerule
� 6 nporq E3I AOKPLNM # to �

andremovefrom � eachelement
6

suchthat6 nporq � 6
.

else
if = is finite then

computethesetof constraints
6G� orq

astheleastgeneralgeneralization(lgg)
of =
if
69� orq is not emptythen

addtherule
� 6 n�oNq E 6G� orq # to �

endif
endif

endif
endwhile

output �
end

Figure 1. The PROPM INER Algorithm

as definedby [13].
6 � orq is then in somesensethe

strongestconstraintcommonto all answersas illus-
tratedbelow (seeExample3.2). If

6G� orq is not empty
thenthealgorithmproducestherule

6 nporq E 6G� oNq .
It is clear that thesetwo criteria canbe appliedonly if

all answerscanbecollectedin finite time. Theextensionof
thealgorithmto handlerecursive programsleadingto non-
terminatingexecutionsis out of thescopeof thispaper.

The algorithmis given in Figure3.2.1. To simplify its
presentation,we considerthatall possiblelhs arestoredin
a list. For efficiency reasonsthe concreteimplementation
is basedon a treeandunnecessarycandidatesarenot ma-
terialized.More detailson theimplementationaregivenin
Section3.4.

A particularorderingis usedto enumeratethelhscandi-
datessothat themoregenerallhs aretried beforethemore
specificones.Then,we usethefollowing pruningcriterion
which improvesgreatly the efficiency of the algorithm: if
a rule

6 nporq E�I ADK"LNM is generatedthenthereis no needto
considerany supersetof

6 n�oNq to form otherrule lhs.
Wenow illustrateonthefollowing examplethebasicbe-

havior of thealgorithmPROPM INER. More usesof theal-
gorithmaregivenin Section4.

Example3.2 Considerthe following CLP program defin-
ing � and � :

� � X�� [ � ^ # 1 � � X�� [ � ^ # )
� � X�� [ � ^ # 1 X���� 4 [ ��� 4 X�� ^ )
� � X�� [ � ^ # 1 X�� A 4 [ � A 4 ^ |���r)

We use the algorithm to find rules to propagate con-
straints over constraints involving � . Let

2 AmL+M nporq �
W � � X�� [ � ^ # Y and let for example

6 ADv _ nporq be the setW+X�� ^ � [ � A � ^ ���NY .
Whenthewhile loop is enteredfor thefirst timewehave

� �zW W � � X�� [ � ^ # YD�5W � � X�� [ � ^ # ��X�� ^ YD�W � � X�� [ � ^ # � [ � A YD�]W � � X�� [ � ^ # � ^ ���rYx�W � � X�� [ � ^ # ��X�� ^ � [ � A Yx�W � � X�� [ � ^ # ��X�� ^ � ^ ���NYD�W � � X�� [ � ^ # � [ � A � ^ ���NYx�W � � X�� [ � ^ # ��X�� ^ � [ � A � ^ ���NY�Y

Each elementin � is executedin turn as a goal and the
correspondinganswers are collectedand usedto build a
rule rhs. For example,

W � � X�� [ � ^ # � ^ ���NY leads to a
single answer

� viL ( ��W+X��]��� [ ������X�� ^ � ^ ���NY .
The lgg is simply

� viL ( itself and we have the propaga-
tion rule

W � � X�� [ � ^ # � ^ ���NY E W+X������ [ �����hX�� ^ �
^ ���NY . For

W � � X�� [ � ^ # ��X�� ^ Y we have again a sin-
gle answer

W+X�� A � [ � A � ^ |������X�� ^ Y and thus also a



trivial lgg producing the rule
W � � X�� [ � ^ # ��X�� ^ Y E

X�� A � [ � A � ^ |������X�� ^ Y .
For thegoal

W � � X�� [ � ^ # � [ � A Y , thesituationis differ-
entsincewehavethefollowinganswers

� viL ( �jW+X�� A � [ � A � ^ |���NY and� viL F ��WNX�� A � [ � A ��X�� ^ Y .
The lgg which is basedon a syntacticalgeneralization isW+X�� A � [ � A Y andwehavetherule

W � � X�� [ � ^ # � [ � A Y EW+X�� A � [ � A Y .
Thesituationmaybemore tricky. For example, thegoalW � � X�� [ � ^ # Y havetwo answers

� viL ( ��WNX�� A � [ � A � ^ |���NY and� viL F ��WNX������ [ �����5X�� ^ Y

having no commonatomic constraint. Fortunately, the
lgg correspondin somesenseto the leastupperboundofWN� viL ( �`� viL F Y wrt. the � -subsumptionordering[13] (more
preciselyit representsthe equivalenceclassof constraints
thatcorrespondsto this leastupperbound).Thus,thelgg ofWN� viL ( �`� viL F Y is

WNX������ [ ����Y , where
�

is a new vari-
able, andthealgorithmproducestherule

W � � X�� [ � ^ # Y EW+X��]��� [ ����Y .
The effect of the pruning criterion is straightforward.

Thegoal � ��W � � X�� [ � ^ # �xX�� ^ � ^ ���rY hasno answer
andleadsto therule

W � � X�� [ � ^ # ��X�� ^ � ^ ���NY E3I AOKPLNM )

Thentheelement
W � � X�� [ � ^ # ��X�� ^ � [ � A � ^ ���rY that is

a supersetof � is simplyremovedfrom � andwill not be
consideredto generateanyrule.

3.2.2 Properties

It is straightforwardto seethatthealgorithmis completein
the sensethat if

6 nporq > 2 AOLNMNnporq � 6 ADv _ nporq is an inter-
estingpatternwrt.

2 AmL+MNnporq andthereis no
6 � 6 nporq such

that
6 E I AOKPLNM is valid, then

6 nporq is consideredby the
algorithmasa candidateto form thelhs of a rule.

To establishthesoundnessof thealgorithm,weneedthe
following resultspresentedin [7].

Theorem3.1 Let : beaprogramin theCLP languagede-
terminedby

�"�����	��
���
��
, where

�
and



correspondon



.

Supposethat



is satisfactioncompletewrt.



, andthat :
is executedon aCLPsystemfor this language.Then:

1. If a goal � hasa finite computationtree,with answers
� ( �+)*)+),� � - then :<; ��
3� � �¢¡ �SRST�� � (�£ )+)*) £ � - # ,
whereQ is thesetof variablesappearingin � .

2. If agoal � is finitely failedfor : then :<; ��
j� �~� � .

Thesoundnessof PROPM INER is statedby thefollowing
theorem.

Theorem3.2(Soundness)The PROPM INER algorithm
producespropagationrulesthat arerelevant wrt.

2 AmLNM+n�oNq
andvalid wrt.



and : .

Proof. All
6 n�oNq consideredare interestingpatternwrt.2 AmLNMNnporq , thusonly relevantrulescanbegenerated.If a rule

of the form
6 n�oNq E I AOKPLNM is producedthen by property

2 in Theorem3.1 this rule is valid. Supposea rule of the
form

6 n�oNq E 6 � oNq is generated.Then
6 � orq is the lgg of

a finite setof answers
Wr� viL ( �+)*)*)+��� viL - Y obtainedby the

executionof thegoal
6 nporq on theprogram: .

By property 1 in Theorem 3.1 we have :<; ��
 � �
6 nporq ¡ �SRSTU� � viL (h£ )+)*) £ � viL - ), where Q is the set
of variablesappearingin

6 nporq . Since
6 � orq is the lgg ofWN� viL ( �*)+)*),�`� viL - Y thenby [13] weknow that

� viL (¤£ )+)*) £� viL - f 6 � oNq . Thus :<; ��
¥� � 6 nporq f �SRST�� � viL (�£ )+)*) £
� viL - ), i.e.,

6 nporq E 6G� oNq is valid wrt.



and : .

3.3 Inter estingRulesfor Constraint Solvers

The basicform of the PROPM INER algorithmgiven in
Figure 3.2.1 producesa very large set of rules. Most of
theserulesare redundant(partly or completely)or propa-
gatestooweakconstraintsor onthecontrarypropagatestoo
many strongerconstraints(inflating considerablythe con-
straintstoreat runtime)andthusmaybeof little interestto
built a constraintsolver.

We presentin this sectionmandatorycomplementary
processingthat is integratedin thebasicalgorithmin order
to generaterulesof practicalinterestwrt. solver construc-
tion.

Consideragainthe CLP programof example3.2. Let2 AmLNMNnporq �yW � � X/� [ � ^ # Y and let us use a richer set of
atomicconstraintsto form the lhs of the rules

6 Axv _ nporq �W+X�� ^ � [ �]X��5X¦� ^ � [ � ^ �5X¦���r� [ � A � ^ ���rY .
Amongtherulesgeneratedby thebasicalgorithmPROP-

M INER, wehave:��§r# W � � X�� [ � ^ # Y E WNX��]��� [ ����Y�P¨x# W � � X�� [ � ^ # ��X�� ^ Y E W+X�� A � [ � A � ^ |������X�� ^ Y�ª©D# W � � X�� [ � ^ # � [ ��X�Y E W+X������ [ ���\� [ �]XZY
�'«O# W � � X�� [ � ^ # ��X¦� ^ Y E W+X�� A � [ � A � ^ |������X�� ^ Y�P¬x# W � � X�� [ � ^ # � [ � ^ Y E WNX�� A � [ � A � ^ |���r� [ � ^ Y�ª­D# W � � X�� [ � ^ # ��X¦���NY E WNX������ [ �����5X����rY
�"®¯# W � � X�� [ � ^ # � [ � A Y E WNX��]��� [ ����� [ � A Y�ª°D# W � � X�� [ � ^ # � ^ ���NY E WNX��]�Z� [ �����5X�� ^ � ^ ���NY�ª±D# W � � X�� [ � ^ # ��X�� ^ � ^ ���NY E²I AOK"L+M

Sincethealgorithmonly imposesthattheexplorationor-
deringis a total orderingcompatiblewith thesubsetorder-
ing on the lhs, therealorderof therulesgeneratedmaybe
slightly differentaccordingto implementationchoices(see



Section3.4). However, thespecificprocessingpresentedin
thissectioncanstill beapplied.

3.3.1 Removing redundancy

Thekey ideaof thesimplificationis to removefrom therhs
of a rule ³ all atomicconstraintsthatcanbederivedfrom
thelhs of ³ usingthebuilt-in solversandtherulesalready
generated.If theremainingrhsis emptythenthewholerule
canbesuppressed.

For example, accordingto this processrule (6) is re-
movedbecauseits rhsis fully redundantwrt. its lhsandwrt.
rule (1). For rule (2) only therhs is modifiedandbecomesW+X�� A � [ � A � ^ |���NY , since

X�� ^ is trivially entailedby
thelhsof therule.

Dependingon the behavior of the built-in solvers, rule
(4) maybeonly transformedinto

W � � X�� [ � ^ # �]X¦� ^ Y EW+X�� A � [ � A � ^ |���NY while if we know thesemanticsof
�

we mayuserule (2) to derive thesameatomicconstraints.
If thebuilt-in solver doesnot allow to discover this redun-
dancy, the usercansimply addpropagationrulesto derive
explicitely logical consequenceof the built-in constraints.
In this example,one of this complementaryrules can beW+X¦� ^ Y E W+X�� ^ Y which allows to find that rule (4) is
thenfully redundantwrt. rule (2).

This simplificationprocessalsoappliesto failure rules.
Supposethatthebuilt-in solver is ableto detectthat ^ ��� 4
^ |��� is inconsistent,thentherule (9) is removedsinceit is
redundantwrt. rule (2).

3.3.2 Generatingstronger rhs

If we considerrule (6)
W � � X�� [ � ^ # ��X¦���NY E WNX��G�\�

[ ������X����rY
the rhs constructedfrom the least gen-

eral generalizationof the answersobtainedfor the goalW � � X�� [ � ^ # �ZX����rY
is in somesensetoo general. The

executionof the goal gives two answers.OnecontainingW ^ |���NY andthe other
W+X�� ^ �<X¦���NY

. From a semantical
point of view, this leadsclearly to ^ |��� in both cases,but
theleastgeneralgeneralizationis mainlysyntacticalanddo
not retainsthis information.

If we want a richer rhs (containing ^ |��� ) thenwe must
have at hand a (built-in) solver that propagates

W ^ |���NY
also in the secondanswer. If we do not have such a
solver, thenhereagaintheusercanprovidehimselfcomple-
mentarypropagationrules(in this examplethe singleruleW+X�� [ Y E WNX |� [ Y ).

3.3.3 Projecting variables

For efficiency reasonsin constraintsolvingit is particularly
importantto limit thenumberof variables.

Then a rule like
W � � X/� [ � ^ # Y E WNX������ [ ����Y

shouldbe avoidedsinceit will createa new variableeach
time it is fired.

So, we simply projectout suchuselessvariablesin the
following way. We considerin turn eachequality in the
rhsof a rule. If this equalityis of theform

�e��´
or
´<���

whereE andF arevariablesand
�

doesnot appearin the
lhs of the rule, thenwe suppressthis equalityfrom therhs
andwe applythesubstitutiontransforming

�
into

´
to the

wholeremainingrhs.
More subtle situationsmay arise. Supposethat the

secondclauseof the programgiven in example 3.2 was
� � X�� [ � ^ # 1 X��H� 4 [ ��� 4 ^ |� A . Then, the
first rule generatedwould have been

W � � X�� [ � ^ # Y E
W+X��]��� [ ����� ^ |��´µY . And thenprojectingout

�
would

transformit into
W � � X�� [ � ^ # Y E WNX�� [ � ^ |��´µY . Dur-

ing constraintsolving the firing of this rule will addto the
storetheatomicconstraint̂

|��´
wheré is anew variable.

Thisphenomenaleadsin generalto aratherinefficientsolv-
ing process.So, we proposethe following optional treat-
ment: When all other previous processinghasbeenper-
formed(simplification,additionalpropagationandprojec-
tion of variablein equalities)theusercanchooseto applya
strict rangerestrictioncriteria: all atomicconstraintsin the
rhs containinga variablethat doesnot appearin the lhs is
removed(e.g., ^ |��´ in the previous rule). This rangere-
strictioncriteriais appliedin all examplespresentedin this
paper.

3.4 Implementation Issues

The key aspectsof our implementationof the PROP-
M INER algorithm are presentedin this section. The pro-
totypehasbeendevelopedunderSICStusProlog3.7.1.It is
written in Prologandtakesadvantageof therule-basedpro-
gramminglanguageConstraintHandlingRules(CHR) [5]
supportedin this environment.

Using CHR. TheCHR languagefacilitatesin two ways
theimplementationof theimportantprocessingdescribedin
Section3.3. Firstly, we canusetherulesgeneratedasCHR
rulesandthenrun CHR to decideif a rule propagatesnew
constraintswrt. the ruleswe have already. Secondly, the
usercandirectly addnew rulesto performcomplementary
propagationswrt. thebuilt-in solvers.

Clauseencoding. It shouldbe noticedthat in this en-
vironment the equality

�
is reserved to specify unifica-

tion. So in practice,we useanotherbinary predicateto
denotethe equalityconstraint. Moreover, the bindingsof
thevariablesdueto theresolutionstepsarenot handledex-
plicitely as equalitiesin the store. Supposethat the third
clauseof theprogramgivenin example3.2waswrittenun-
dertheform � � X�� A � ^ # 1 X�� A 4 ^ |��� . Then,for thegoal



W � � X�� [ � ^ # ��X�� ^ Y wemayhavenotcollectedtheatomic
constraint[ � A explicitely andthus [ � A will notappearin
therhsof rule (2). Thus,we simply preprocesstheclauses
so that the atom in the headof a clausedoesnot contain
functors(includingconstants)andcoreferences.Thecorre-
spondingfunctorsandcoreferencesaresimply encodedby
equalityconstraintsin the body of the clause. For exam-
ple a headof theform � � X�� A ��X #

will be transformedinto
� � X/� [ � ^ # andtheconstraint

X¦� ^ 4 [ � A will beadded
to thebody.

Enumeration of lhs. The PROPM INER algorithmenu-
merateslhsconstraints(theelementsin � ). Theimplemen-
tation of this enumerationis basedon the exploration of
a tree correspondingto the lhs searchspaceas described
in [4]. Thetreeis exploredusinga depthfirst strategy. As
in [1], the branchesareexpandedusinga partial ordering
on thelhs candidatessuchthatthemoregenerallhs areex-
aminedbeforemore specializedones. The partial order-
ing usedin our implementationis the � -subsumptionorder-
ing [13].

4 Practical Usesof PROPM INER

In thissection,weshow on examplesthatapracticalap-
plication of our approachlies in solver development. All
the setof rulespresentedin this sectionhave beengener-
atedin a few secondson a PCPentium3 with 128MBytes
of memoryanda500MHZ processor.

For convenience,we introducethe following notation.
Let � be a constraintsymbol of arity 2 and ¶ ( and ¶ F
be two setsof terms. We define A & tr·�u�� � � � ¶ ( � ¶ F # asthe
set of all atomic constraintsbuilt from � over ¶ (	¸ ¶ F .
More precisely, A & tr·�u¹� � � � ¶ ( � ¶ F # �ºW � �ª» ��¼ # � » �
¶ ( and

¼ �½¶ F Y .
Example4.1 Consider the maximum constraint
·�AD¾ � �B� 2 � 6 # meaning that

6
is the maximumof

�
and

2
, anddefinedby theCLPprogrambelow:

·�AD¾ � �B� 2 � 6 # 1 �<� 2 4a6 � 2 )
·�AD¾ � �B� 2 � 6 # 1 2 �H� 4a6 ���B)

If the userspecifiesthat the left handsideof the rules
mayconsistof maxconstraintsandequalityconstraintsby
meansof thefollowing input:

2 AmLNM n�oNq � W ·�AD¾ � �B� 2 � 6 # Y6 ADv _ nporq � A & tr·�u¹� � �e�*WN�B� 2 � 6 Yx�,Wr�B� 2 � 6 Y #
thenthePROPM INER algorithmgeneratesthe2 follow-

ing rules:

·7AD¾ � �<� 2 � 6 # E �B� 6¢4 2 � 6 )
·�AD¾ � �B� 2 � 6 # 4 ��� 2 E 6 ���B)

If the user allows additionally disequalityand less-or-
equalconstraintsontheleft handsideof therulesusingthe
following input:

2 AmL+M nporq � W ·�AD¾ � �B� 2 � 6 # Y6 ADv _ nporq � A & tr·�u¹� � �e�*WN�B� 2 � 6 Yx�,Wr�B� 2 � 6 Y # �
A & tr·�u¹� �¿|�e�*WN�B� 2 � 6 Yx�,Wr�B� 2 � 6 Y # �
A & tr·�u¹� � �h�*WN�B� 2 � 6 Yx�,Wr�B� 2 � 6 Y #

thenthealgorithmgeneratesthetwo previouspropaga-
tion rulesandalsothefollowing four new rules:

·�AD¾ � �B� 2 � 6 # 4a6 |� 2 E 6 ���<)
·�AD¾ � �B� 2 � 6 # 4a6 |��� E 6 � 2 )
·7AD¾ � �B� 2 � 6 # 4 2 �H� E 6 ���<)
·7AD¾ � �B� 2 � 6 # 4 �B� 2 E 6 � 2 )

It shouldbenoticedthat to beable to generate the rule
·�AD¾ � �B� 2 � 6 #ÀE �<� 6�4 2 � 6

, thefollowing rulesfor
equalityandless-or-equalconstraintshaveto bepresentin
the built-in solverto ensure the generation of stronger rhs
(asillustratedin Section3.3):

X�� [ 4 [ � ^ E X�� ^ )X¦� [ E X�� [ )
If theserulesarenotalreadyin thebuilt-in solver, in our

implementationthe user can provide themvery easily by
meansof CHRrules(seeSection3.4). Moreover, usingthis
possibility, PROPM INER canincorporateadditionalknowl-
edge givenby theuserabouttheconstraint of interest.For
example, the usercan expressthe symmetryof ·7Ax¾ with
respectto thethefirstandsecondargumentsby therule:

·�AD¾ � �B� 2 � 6 # E ·7AD¾ � 2 ���<� 6 # )
If this rule is addedas a CHR rule to the built-in solver,
thenthePROPM INER algorithmgeneratesonly thefollow-
ing simplifiedsetof 4 rules:

·�AD¾ � �B� 2 � 6 # E �<� 6¢4 2 � 6 )
·7AD¾ � �<� 2 � 6 # 4 ��� 2 E 6 ���<)
·�AD¾ � �B� 2 � 6 # 4Á6 |� 2 E 6 ���<)
·7AD¾ � �<� 2 � 6 # 4 2 �H� E 6 ���<)

Example4.2 If weconsidertheminimumconstraint ·�u�v ,
a set of rules similar to the rules for ·7AD¾ is generated
by PROPM INER. Thenthe userhasthe possibility to add
thesetwo setsof rules to the built-in solverand to execute
PROPM INER to generate interaction rules between·�u�v
and ·7AD¾ . This executionis performedwith the following
input

2 AmLNM nporq � W ·�u�v � �<� 2 � 6 # 4 ·�AD¾ � ¶ ���\��´ # Y6 ADv _ nporq � A & tr·�u¹� �,|�e�,Wr�B� 2 � 6 YD�,W ¶ �����`´µY #



anda CLPprogramconsistingof thedefinitionsof ·�u�v and
·�AD¾ . Sincethepropagationrulesspecificto ·�u�v and ·7AD¾
alonehavebeenaddedto the built-in solver, PROPM INER

takesadvantage of theserules to simplifymanyredundan-
cies. Thusonly 10 propagation rules specificto the con-
junctionof ·�u�v with ·7AD¾ aregenerated.Examplesof rules
are:

·�u�v � �<� 2 � 6 # 4 ·7AD¾ � ¶ �����`´ # 4
6 |��� 4a6 |� ¶ E ´ |� 6 )

·�u�v � �<� 2 � 6 # 4 ·7AD¾ � ¶ �����`´ # 4
2 |� ¶ 4 � |� ¶ E ¶ |� 6 )

·�u�v � �<� 2 � 6 # 4 ·7AD¾ � ¶ �����`´ # 4
6 |��� 4 2 |� ¶ 4 � |��´ E ´ |� 6 )

·�u�v � �<� 2 � 6 # 4 ·7AD¾ � ¶ �����`´ # 4
6 |� ¶ 4 2 |��´ 4 � |��� E ´ |� 6 )

Now, we show on the following examplethat the user
caneasilydecidethatspecificconstantsof thedomainmust
beusedin theleft handsideof therules.

Example4.3 The absolutevalue, A � L , can be definedby
theconstrainedclauses

A � L � �B� 2 # 1 �B�HÂ 4 ��� ��Ã 2 # )
A � L � �B� 2 # 1 Â¤��� 4 ��� 2 )

Then,theusercanspecifywith thefollowing input that the
constant

Â
mustalsobeconsideredto formtheleft handside

of therules:
2 AmLNM nporq � W A � L � �B� 2 # Y6 ADv _ nporq � A & tr·�u¹� � �e�,Wr�B� 2 ��Â¤Yx�,Wr�B� 2 ��Â¤Y # �

A & tr·�u¹� �,|�e�,Wr�B� 2 ��Â¤Yx�,Wr�B� 2 ��Â¤Y # �
A & tr·�u¹� � �h�,Wr�B� 2 ��Â¤Yx�,Wr�B� 2 ��Â¤Y #

In thiscase, usinganappropriatesolverfor thebuilt-in con-
straints,thefollowing propagationrulesare generated:

A � L � �B� 2 # E Â.� 2 4 �B� 2 )
A � L � �B� 2 # 4 2 |��� E ��� ��Ã 2 # 4 �B��Â¤)
A � L � �<� 2 # 4 Â¤��� E 2 ���B)
A � L � �<� 2 # 4 2 �HÂ E ����Â¤)
A � L � �<� 2 # 4 �B�HÂ E ��� ��Ã 2 # )

In [3, 15, 1] first stepstowardsautomaticgenerationof
propagationruleshave beendone. In theseapproachesthe
constraintsaredefinedextensionallyoverfinite domainsby
e.g. a truth table or their solution tuples. This paper is
an extensionof theseprevious works towardsinfinite do-
mains.Overfinite domains,thealgorithmPROPM INER can
beusedto generatetherulesproducedby theothermethods.

Example4.4 For the boolean conjunction constraint
ADv _ � X�� [ � ^ # definedby thefollowingclauses

ADv _ � X�� [ � ^ # 1 X¦�HÂ 4 [ ��Â 4 ^ ��Â.)
ADv _ � X�� [ � ^ # 1 X¦�HÂ 4 [ � § 4 ^ ��Â.)
ADv _ � X�� [ � ^ # 1 X¦� § 4 [ ��Â 4 ^ ��Â.)
ADv _ � X�� [ � ^ # 1 X¦� § 4 [ � § 4 ^ � § )

thealgorithmPROPM INER with thefollowing input

2 AOLNM nporq � W Axv _ � X/� [ � ^ # Y6 Axv _ nporq � A & tr·�u�� � �e�,WNX�� [ � ^ Yx�*W+X�� [ � ^ �`Â¤� § Y #

generatesthefollowingpropagationrules

ADv _ � Â¤� [ � ^ # E ^ ��Â.)
Axv _ � X/��Â¤� ^ # E ^ ��Â.)
ADv _ ��§ � [ � ^ # E [ � ^ )
Axv _ � X/� § � ^ # E X¦� ^ )
ADv _ � X���X�� ^ # E X¦� ^ )
Axv _ � X/� [ � §N# E X¦� § 4 [ � § )

For the negation constraint, vlM+Ä � X�� [ # , the PROPM INER

algorithmgeneratesamongotherrulesthefollowingfailure
rule:

vlM+Ä � X���X #ÅE I AOK"L+M )

5 Conclusionand RelatedWork

This paperis anextensionof previousworkswherefirst
stepstowards automaticgenerationof propagationrules
havebeendone[3, 15, 1]. Theseworkswherelimited to ex-
tensionallydefinedconstraintsover finite domains.In this
paper, we have presentedanapproachto generatepropaga-
tion rules from the intentionaldefinition of the constraint
predicatesgivenby meansof aCLPprogram,allowing thus
to handlemoregeneralcases.

Computinga kind of leastupperboundof a setof com-
putedanswersto a goal in order to propagateinformation
betweenresolutionstepshasbeenearly explored in [14].
Thisframework calledGeneralizedConstraint Propagation
doesnot say muchabouthow to computethe leastupper
boundandwhento performpropagationsteps.In contrast
to our approachwherethegenerationof rulesis doneonce
at compile time, the generalizedpropagationis performed
only at runtime.

We usedtechniques(e.g., [13]) also usedin the fields
of Inductive Logic Programming(ILP) [11] andInductive
ConstraintLogic Programming(ICLP) [12, 8, 10, 9, 16]. In
ILP and ICLP the useris interestedto find out logic pro-
gramsandCLP programsfrom examples.In our case,we



generateconstraintsolversin theform of propagationrules,
using the definition of the constraintpredicatesgiven by
meansof aCLPprogram.To ourknowledge,thework done
in ILP andICLP have not previously beenadaptedor ap-
plied to thegenerationof rule-basedconstraintsolversand
it seemsimportantto considerthis issue.

Additionally, the field of Constructive Disjunction [6,
17] hasproducedtechniquesto extract commoninforma-
tion from disjunctionsof constraintsover finite domains.
In particular, thesetechniquestake into accounttheseman-
tics of thearithmeticoperators,comparisonpredicates,and
interval constraintsduring this extraction. It seemsinter-
estingto investigatehow theseapproachescanbereusedto
enhancethegenerationof propagationrules.

Futurework alsoincludestheextensionof thealgorithm
presentedin thispaperto handlerecursiveprogramsleading
to non-terminatingexecutions.
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