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Abstract

A geneal appmad to implemenipropagation and sim-
plification of constiaints consistsof applying rules over
theseconstaints. However, a difficulty that arises fre-
guentlywhenwriting a constaint solveris to determinethe
constaint propagationalgorithm. In previouswork, differ-
entmethoddor automaticgenemtion of propagationrules
for constrints definedover finite domainshavebeenpro-
posed[3, 15, 1]. In this paper we presenta methodfor
generting propagation rules for constaint predicatesde-
finedby meansof a constaint logic program.

1 Intr oduction

In constraintreasoning,algorithmsare often specified
usinginferencerules,rewrite rules,sequentsor first-order
axiomswritten asimplications. In previous works differ-
ent methodsfor automaticgeneratiorof propagatiorrules
for constraintdefinedover finite domainshave beenpro-
posed[3, 15, 1]. It hasalsobeenshownn in [2] thatthese
rulesgeneratedutomaticallycanleadto moreefficientcon-
straintreasoninghanrulesfoundby hand.

In this paper we presentan algorithm, called PROP-
MINER, thatcanbe usedto generatepropagatiorrulesfor
constrainpredicateslefinedby meanf a constrainfogic
program. The useronly hasto determinethe semanticof
the constraintof interestby meansof theirintentionaldef-
initions (a constraintogic program),andto specifythe ad-
missiblesyntacticform of theruleshewantsto obtain.

The generatedules canbe directly encodedn a rule-
basedprogramminglanguage,e.g. Constraint Handling
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Rules(CHR) [5], to provide arunningconstraintsolver.

The paperis organizedasfollows. After a few prelimi-
narieson notationandterminology we presenin Section3
an algorithm to generatepropagationrules for constraint
predicatesdefinedby a constraintlogic program. In Sec-
tion 4, we give moreexamplesfor the useof our algorithm.
Finally, we concludewith asummaryandcomparethe pro-
posedapproactwith relatedwork.

2 Preliminaries

Thereadeliis referredto [7] for adetailedintroductionto
ConstraintLogic Programming(CLP). In this section,we
give only thoseconceptsandnotationthatwe shallneedin
thefollowing sections.

The CLP programsare parameterizedy a constraint
systemdefinedby a 4-tuple (X, D, £, T) anda signature
II determiningthe predicatesymbolsdefinedby a program.
3 is a signaturedeterminingthe predefinedoredicateand
function symbols,D is a ¥-structure(the domainof com-
putation),£ is a classof X-formulas(the constraints)and
T is afirst-orderX-theorythatis an axiomatizationof the
propertiesof D.

We requirethat T is satishction completewith respect
to £, thatis, for every constraintc € £ eitherT |= 3c or
T = -3¢, where3(¢) denotesthe existential closureof
¢. We alsorequirethat D andT correspondn L, i.e. D
is amodelof T andfor every ¢ in £ we have D |= e iff
TE Je. Notethattheserequirementsrefulfilled by most
commonlyusedCLP languages.

Definition 2.1 An atomic constaint is a formula of the
form c(t1,...,t,), wherety, ..., t, aretermsandc € X
is apredefinecpredicatesymbol.

A constainedclauseis arule of theform



H«BiAN..AB,ACiAN...NCp,

where H, By, ..., B, are atomsand C,,...,C,, are
atomic constraints. A goal is a set of atomsand atomic
constraintsnterpretedastheir conjunction.An answeris a
setof atomicconstraintsalsointerpretedastheir conjunc-

tion. A CLP programis afinite setof constrainectlauses.

The logical semanticof a CLP programP is its Clark’s
completionandis denotedby P*.

In programs,goals and answers,when clear from the
contet, we use upper caseletters (resp. lower caseand
numbers)o denotevariablegresp.constants).

3 Generation of PropagationRules

In this section,we presentan algorithm, called PRoP-
MINER, to generatepropagationrules for constraintsus-

ing the intensionaldefinitionsof the constraintpredicates.

Thesedefinitionsaregivenby meansf a programin acon-
straintlogic programmingCLP) language.

3.1 Rulesof Interest

A constaint patternover a setof atomic constraints4
is a finite subsetof A. A constraintpatternC C A is in-
terpretedasthe conjunctionof the atomicconstraintsn C.
Thesetof variablesappearingn A is denotedby Var(A).

A propagationrule is arule of theform C; = C5 or of
theform C; = false, whereC; andC> areconstraintpat-
terns. C} is calledthe left handside(lhs) and C, theright
handside(rhs)of therule. A rule of theform C; = false
is calledfailure rule. To formulatethelogical semanticof
theserules,we usethefollowing notation:let V be a setof
variablesthen3_y (¢) denoteghe existential closureof ¢
exceptfor thevariablein ).

Example 3.1 Thefollowing propagationulesdescribethe
(partial) order< thatcanhandlevariablearguments.

{X<X} = false.
{X<Y,Y<X} = false.
{X<Y,Y<Z} = {X<Z}.

The first two rules are failure rules. The first rule de-
scribesthe irreflexivity of <, the secondrule definesthe
asymmetnyof < andthethird onethetransitvity of <.

Definition 3.1 A propagation rule {ci,...,cn} =
{di,...,d,} is valid wrt. the constraintheoryT andthe
CLPprogramP iff P*,T' |= A\, ¢; = 3y (A, d;), where
V is thesetof variablesappearingn {ci, . ..,cp }.

A failurerule {c1,...,c,} = falseisvalid wrt. T and P
if andonlyif P*,T = -3(A\,; ci)-

To reducethe numberof ruleswhich areuninterestingo
build a solver, we restrictwith a syntacticbiasthe genera-
tion to a particularsetof rulescalledrelevant propagation
rules Theserulesmustcontainin their lhs atleastthe con-
straintson which we wantto propagaténformationandall
atomicconstraintsn the Ihs mustbe connectedvith com-
monvariables.Thisis definedmorepreciselyby thenotion
of interestingpattern

Definition 3.2 A setof atomicconstraints4 is aninterest-
ing patternwrt. a setof atomicconstraintsBase;;, s if and
only if thefollowing conditionsaresatisfied:

1. Baseyps C A.

2. the graphdefinedby therelation join 4 is connected,
wherejoin 4 is a binary relationthat holds for pairs
of atomic constraintsin 4 that shareat least one
variable,i.e., joing = {{c1,c2) | &1 € A,ca €
A, Var({e1}) NVar({c:}) # 0}.

A relevant propagation rule wrt. Basey iS a propa-
gationrule suchthatits lhs is an interestingpatternwrt.
Baseyy,.

3.2 The ProPMINER Algorithm

In this section,we describethe PROPMINER algorithm
to generatepropagatiorrulesfrom a programP expressed
in a CLP languagedeterminedy (X, D, £, T').

The algorithm takes as input the program P and two
setsof atomic constraintsBase;,, and Cand;p, usedto
specify the possiblelhs of the rules: Baseyys is the con-
straintfor which we wantto obtainpropagatiorrulesand
Candyy,s is asetof atomicconstraintgor whichwe already
have a (built-in) solver. The possiblelhs of the rulesare
the constraintghatarerelevantwrt. Base;,s andsubsebf
Baseyps U Candyps.

3.2.1 Principle

¢ Froman abstractpoint of view, the algorithmenumerates
eachpossiblelhs constraintsubsetof Base;,s U Candyys
(denotedby Cj,). For eachCyy, s it computesa setof con-
straintsnotedC'.,s suchthatCj,s = C.ps is valid wrt. T
andP andrelevantwrt. Base;p;.

ForeachCyy, it determine€’,.;, s by callingthe CLP sys-
temto executeCj, s asagoalandthen

1. if Cjps hasno answerthenit produceghefailurerule
Cins = false.

2.if Cjps has a finite number of answers
{Ansy,...,Ans,} then let C,,s; be the least
generl geneamlization (Igg) of {Ansi,...,Ans,}



begin

end

Let R beanemptysetof rules.
Let L bealist containingall non-emptysubsets
of Basey,s U Candyys in ary ordet

Remaove from L ary elementC' whichis notan
interestingpatternwrt. Base;p. ThenorderL with ary

total orderingcompatiblewith the subsefpartialordering
(i.e.,forall Cy in Lif Cy isafterC} in L thenCs ¢ C).

while L is notemptydo
Let Cj s bethefirst elementof L.
Remorefrom L its first element.
Let A bethesetof answerdor thegoal Cyp, s wrt.
theprogrampP.
if Aisemptythen

addthefailurerule (Cips = false) toR
andremove from L eachelementC suchthat
Cins C C.

else
if A isfinite then
computethe setof constraintL,.;
astheleastgeneralgeneralizatior{lgg)
of A
if Crps is notemptythen
addtherule (Cjps = Crps) tOR
endif
endif
endif
endwhile
outputR

Figure 1. The PROPMINER Algorithm

asdefinedby [13]. C,ns is thenin somesensethe
strongestconstraintcommonto all answersasillus-
tratedbelov (seeExample3.2). If C,.,, is notempty
thenthealgorithmproducegherule Cj,s = Cjps.

It is clearthatthesetwo criteria canbe appliedonly if
all answersanbe collectedin finite time. The extensionof
the algorithmto handlerecursve programdeadingto non-
terminatingexecutionss out of the scopeof this paper

The algorithmis givenin Figure3.2.1. To simplify its
presentationwe considerthatall possiblelhs arestoredin
a list. For efficiengy reasonghe concreteimplementation
is basedon a treeand unnecessargandidatesare not ma-
terialized.More detailson theimplementatioraregivenin
Section3.4.

A particularorderingis usedto enumeratehe Ihs candi-
datessothatthe moregeneralhs aretried beforethe more
specificones.Then,we usethefollowing pruningcriterion
which improvesgreatly the efficiency of the algorithm: if
arule Cys = false is generatedhenthereis no needto
considerary supersebf Cy,, to form otherrule lhs.

We now illustrateonthefollowing examplethebasicbe-
havior of the algorithm PROPMINER. More usesof the al-
gorithmaregivenin Sectior4.

Example 3.2 Considerthe following CLP program defin-
ingp andgq:

p(X,)Y,Z) « XY, 2).
pX,)Y,Z) + X<W AY=W A X>Z.
g X,Y,Z) <+ X<a AY=a A Z#b.

We use the algorithm to find rules to propagate con-
straints over constaints involving p. Let Basey,s =
{p(X,Y,Z)} and let for example Cand;s be the set
{X<Z, Y=a, Z=b}.

Whenthewhile loop is enteedfor thefirsttimewehave

L :{ {p XY, Z }a {p(X,Y,Z), XSZ},
{p X5Y5Z ) Y:a}a {p(X,Y,Z), Z:b};
{p(X,Y,2), X<Z, Y=a},
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Eadc elementin L is executedin turn as a goal and the
correspondinganswes are collectedand usedto build a
rule rhs. For example {p(X,Y,Z), Z=b} leadsto a
singleanswerAns; = {X<W, Y=W, X>Z, Z=b}.
Thelgg is simply Ans; itself and we havethe propaga-
tionrule {p(X,Y, Z), Z=b} = {X<W, Y=W, X>2Z,
Z=b}. For {p(X,Y,Z),X<Z} we have again a sin-
gle answer{X<a,Y=a, Z#b, X<Z} and thus also a



trivial 1gg producing the rule {p(X,Y,Z2),X<Z} =
X<a,Y=a,Z+#b,X<Z}.

For thegoal {p(X,Y, Z), Y=a}, thesituationis differ-
entsincewe havethefollowing answes

Ans; = {X<a,Y=a,Z+#b} and
Ansy = {X<a,Y=0a,X>Z}.

Thelgg which is basedon a syntacticalgenerlization is
{X<a,Y=a} andwehavetherule {p(X,Y, Z),Y=a} =
{X<a,Y=a}.

Thesituationmaybe more tricky. For example the goal
{p(X,Y, Z)} havetwo answes

Ansy = {X<a, Y=a, Z#b} and
Ansy = {X<W, Y=W, X>Z}

having no commonatomic constaint. Fortunately the
lgg correspondin somesenseto the leastupper boundof
{Ansy, Anss} wrt. thed-subsumptiorordering[13] (more
preciselyit representshe equivalenceclassof constaints
thatcorrespondso thisleastupperbound).Thus,thelgg of
{Ansy, Anss} is {X<E, Y=E}, whee E is a new vari-
able andthealgorithmproducesherule {p(X,Y, Z)} =
{X<E,Y=E}.

The effect of the pruning criterion is straightforwaid.
Thegoal G = {p(X,Y, Z), X<Z, Z=b} hasno answer
andleadsto therule

{p(X,Y,Z), X<Z, Z=b} = false.

Thentheelement{p(X,Y, Z), X<Z, Y=a, Z=b} thatis
a supersetof G is simplyremosedfrom L and will not be
consideedto genemateanyrule.

3.2.2 Properties

It is straightforvardto seethatthe algorithmis completein
the sensethat if Cjn, C Baseyn, U Candgy, iS aninter
estingpatternwrt. Base;,, andthereisno C C Cj,, such
thatC' = false is valid, then Cy;; is consideredby the
algorithmasa candidateo form thelhs of arule.

To establishthe soundnessf thealgorithm,we needthe
following resultspresentedn [7].

Theorem 3.1 Let P beaprogramin the CLP languagele-
terminedby (X, D, £, T), whereD andT corresponan L.
SupposeéhatT is satishctioncompletewrt. £, andthat P
is executedon a CLP systemfor thislanguage Then:

1. If agoalG hasafinite computatiortree,with answers
Cly.--,Cp thenP*,T |= G & H_V(Cl V...V Cn),
whereV is thesetof variablesappearingn G.

2. If agoalG isfinitely failedfor P thenP*,T | —-G.

Thesoundnesef PROPMINER is statedby thefollowing
theorem.

Theorem 3.2 (Soundness)The PROPMINER algorithm
producespropagatiorrulesthatarerelevantwrt. Base;ps
andvalid wrt. T and P.

Proof. All Cy,s consideredare interestingpatternwrt.
Baseyy, s, thusonly relevantrulescanbegeneratedlf arule
of the form Cjrs = false is producedthen by property
2 in Theorem3.1 this rule is valid. Supposea rule of the
form Cjps = Crps is generated.ThenC.y; is the lgg of
afinite setof answers{ Ansy, ..., Ans,} obtainedby the
executionof thegoal Cj, s ontheprogrampP.

By property 1 in Theorem3.1 we have P*,T [
Cins & J-v(Ans; V ...V Ans,), whereV is the set
of variablesappearingin Cj,s. Since C,s is the Igg of
{Ansy,..., Ans,} thenby [13] weknow thatAns, V...V
Ansp, = Crps. ThusP* T |= Cips = 3_p(Ans; V...V
Ansy), i.e.,Cips = Crpgisvalidwrt. T and P.

3.3 InterestingRulesfor Constraint Solvers

The basicform of the PROPMINER algorithmgivenin
Figure 3.2.1 producesa very large setof rules. Most of
theserules are redundantpartly or completely)or propa-
gatesooweakconstraintor onthe contrarypropagatetoo
mary strongerconstraintsinflating considerablythe con-
straintstoreat runtime)andthusmaybe of little interestto
built aconstraintsolver.

We presentin this section mandatorycomplementary
processinghatis integratedin the basicalgorithmin order
to generataulesof practicalinterestwrt. solver construc-
tion.

Consideragainthe CLP programof example3.2. Let
Baseyns = {p(X,Y,Z)} andlet us usea richer set of
atomicconstraintgo form the Ihs of therulesCand;,s =
{X<Z,Y<X, X=2,Y=Z, X=b, Y=a, Z=b}.

Amongtherulesgeneratedby thebasicalgorithmPRrop-
MINER, we have:

(1) {p(X,Y,2)} > {X<E, Y=FE}

(2) {p(X,Y,2), X<Z} = {X<a, Y=a, Z#b, X<Z}
(3) {p(X,Y,2), Y<X} = {X<E, Y=E, Y<X}

(4) {p(X,Y,2), X=2} = {X<a, Y=a, Z#b, X=Z}
(5) {p(X,Y, 2), Y=Z} = {X<a, Y=a, Z#b, Y=Z}
(6) {p(X,Y, 2), X=b} = {X<E, Y=E, X=b}

(1) {p(X,Y,Z), Y=a} = {X<E, Y=E, Y=a}

(8) {p(X,Y, 2), Z=b} = {X<W, Y=W, X>Z, Z=b}
9) {p(X,Y,2), X<Z, Z=b} = false

Sincethealgorithmonly imposeghatthe explorationor-
deringis atotal orderingcompatiblewith the subsebrder
ing onthelhs, thereal orderof the rulesgeneratednaybe
slightly differentaccordingto implementatiorchoices(see



Section3.4). However, the specificprocessingresentedn
this sectioncanstill beapplied.

3.3.1 Removing redundancy

Thekey ideaof the simplificationis to remove from therhs
of arule R all atomicconstraintghatcanbe derived from
thelhs of R usingthe built-in solversandtherulesalready
generatedlf theremainingrhsis emptythenthewholerule
canbesuppressed.

For example, accordingto this processrule (6) is re-
movedbecausés rhsis fully redundantvrt. its lhsandwrt.
rule (1). For rule (2) only therhsis modifiedandbecomes
{X<a, Y=a, Z#b}, sinceX<Z is trivially entailedby
thelhsof therule.

Dependingon the behavior of the built-in solvers, rule
(4) maybeonly transformednto {p(X,Y, Z), X=2} =
{X<a, Y=a, Z+#b} while if we know thesemanticof <
we may userule (2) to derive the sameatomicconstraints.
If the built-in solver doesnot allow to discover this redun-
dangy, the usercansimply add propagatiorrulesto derive
explicitely logical consequencef the built-in constraints.
In this example, one of this complementaryrules can be
{X=Z} = {X<Z} which allows to find thatrule (4) is
thenfully redundantwrt. rule (2).

This simplification processalso appliesto failure rules.
Supposehatthebuilt-in solveris ableto detectthat Z=>b A
Z#b is inconsistentthentherule (9) is removedsinceit is
redundantvrt. rule (2).

3.3.2 Generating strongerrhs

If we considerrule (6) {p(X,Y,Z),X=b} = {X<E,
Y=F,X=b} the rhs constructedfrom the least gen-
eral generalizationof the answersobtainedfor the goal
{p(X,Y,Z), X=b} is in somesensetoo general. The
executionof the goal givestwo answers. One containing
{Z#b} andtheother{X>Z, X=b}. Froma semantical
point of view, this leadsclearlyto Z#b in both casesput
theleastgeneralgeneralizations mainly syntacticalnddo
notretainsthisinformation.

If we wanta richerrhs (containingZ#b) thenwe must
have at hand a (built-in) solver that propagates{ Z#b}
also in the secondanswer If we do not have sucha
solver, thenhereagaintheusercanprovide himselfcomple-
mentarypropagatiorrules (in this examplethe singlerule
{X>Y} = {X#£Y)).

3.3.3 Projecting variables

For efficiency reasonsn constraintsolvingit is particularly
importantto limit the numberof variables.

Then a rule like {p(X,Y,Z2)} = {X<E, Y=E}
shouldbe avoidedsinceit will createa new variableeach
timeit is fired.

So, we simply projectout suchuselessvariablesin the
following way. We considerin turn eachequality in the
rhsof arule. If this equalityis of theform E=F or F=FE
whereE andF arevariablesand E doesnot appeaiin the
Ihs of therule, thenwe suppresshis equalityfrom the rhs
andwe applythe substitutiontransformingFE into F' to the
wholeremainingrhs.

More subtle situationsmay arise. Supposethat the
secondclauseof the programgiven in example 3.2 was
p(X,Y,Z) « X<W AY=W A Z#a. Then, the
first rule generatedwould have been {p(X,Y,2)} =
{X<E, Y=E, Z#F}. And thenprojectingout E would
transformit into {p(X,Y, Z)} = {X<Y, Z#F}. Dur
ing constraintsolving the firing of this rule will addto the
storetheatomicconstraintZ#F whereF' is anew variable.
Thisphenomengadsin generalo aratherinefficientsolv-
ing process. So, we proposethe following optionaltreat-
ment: When all other previous processinghas beenper
formed (simplification, additionalpropagatiorand projec-
tion of variablein equalitiesthe usercanchooseto applya
strictrange restrictioncriteria: all atomicconstraintsn the
rhs containinga variablethat doesnot appeain the lhsis
removed (e.g., Z#F' in the previousrule). This rangere-
strictioncriteriais appliedin all examplespresentedn this
paper

3.4 Implementation Issues

The key aspectsof our implementationof the PrROP-
MINER algorithm are presentedn this section. The pro-
totypehasbeendevelopedunderSICStusProlog3.7.1.1t is
writtenin Prologandtakesadvantageof therule-basegro-
gramminglanguageConstraintHandling Rules(CHR) [5]
supportedn this ervironment.

Using CHR. The CHR languagdacilitatesin two ways
theimplementatiorof theimportantprocessinglescribedn
Section3.3. Firstly, we canusetherulesgeneratedisCHR
rulesandthenrun CHR to decideif arule propagatesew
constraintswrt. the ruleswe have already Secondlythe
usercandirectly addnew rulesto performcomplementary
propagationsvrt. the built-in solvers.

Clause encoding It shouldbe noticedthatin this en-
vironment the equality = is resened to specify unifica-
tion. Soin practice,we use anotherbinary predicateto
denotethe equality constraint. Moreover, the bindings of
thevariablesdueto theresolutionstepsarenot handledex-
plicitely as equalitiesin the store. Supposethat the third
clauseof the programgivenin example3.2 waswritten un-
dertheform¢(X, a, Z) <+ X <aA Z#b. Then,for thegoal



{p(X,Y, Z), X<Z} wemayhavenotcollectedtheatomic
constrain® =q explicitely andthusY =a will notappeain
therhsof rule (2). Thus,we simply preprocesshe clauses
sothat the atomin the headof a clausedoesnot contain
functors(includingconstantsandcoreferencesThecorre-
spondingfunctorsandcoreferencesre simply encodedy
equality constraintsin the body of the clause. For exam-
ple a headof theform p(X, a, X) will betransformednto
p(X,Y, Z) andthe constraintX=Z A Y=a will beadded
to thebody.

Enumeration of Ihs. The PROPMINER algorithmenu-
merateshs constraintgtheelementsn L). Theimplemen-
tation of this enumerationis basedon the exploration of
a tree correspondingo the Ihs searchspaceas described
in [4]. Thetreeis exploredusinga depthfirst stratgy. As
in [1], the branchesare expandedusing a partial ordering
onthelhs candidatesuchthatthe moregeneralhs areex-
aminedbefore more specializedones. The partial order
ing usedin ourimplementatioris the#-subsumptiororder
ing [13].

4  Practical Usesof PROPMINER

In this section we shav on examplegthata practicalap-
plication of our approacHies in solver development. All
the setof rulespresentedn this sectionhave beengener
atedin afew secondsn a PC Pentium3 with 128 MBytes
of memoryanda 500 MHZ processar

For corvenience,we introducethe following notation.
Let ¢ be a constraintsymbol of arity 2 and D, and D,
be two setsof terms. We defineatomic(c, D1, D) asthe
setof all atomic constraintsbuilt from ¢ over D; x D,.
More precisely atomic(c, D1,D2) = {c(a,8) | a €
Dy and,ﬁ € Dg}

Example4.1 Consider the maximum constaint
max(A, B,C) meaningthat C' is the maximumof A
and B, anddefinedby the CLP programbelow:

maz(A, B,C)
maz(A, B,C)

<~ A<B A C=B.
+~ B<A A C=A
If the user specifieghat the left hand side of the rules

mayconsistof maxconstaintsand equalityconstaints by
meanf thefollowing input:

{maz(A,B,C)}
atomic(=,{A,B,C},{A,B,C})

Basejps =
Candlhs =

thenthe PROPM INER algorithm geneitesthe 2 follow-
ing rules:
max(A,B,C) = A<C A B<C.
maxz(A,B,C) N A=B = C(C=A.

If the user allows additionally disequalityand less-oF
equalconstaintsontheleft handsideof therulesusingthe
following input:

Baseyps = {maz(A,B,C)}
atomic(=,{A,B,C},{A,B,C}) U
atomic(#,{A,B,C},{A,B,C}) U
atomic(<,{A,B,C},{A,B,C})

thenthe algorithm genemtesthe two previouspropaga-
tion rulesandalsothefollowing four new rules:

Ccmdlhs =

maz(A,B,C) N C#B = C(C=A.
maz(A,B,C) N C#4 = C(C=B.
maz(A,B,C) AN BLA = (C=A.
maz(A,B,C) N AKB = (C=B.

It shouldbe noticedthat to be able to geneite therule
maz(A,B,C) = A<C A B<C,thefollowingrulesfor
equalityandless-orequalconstaintshaveto be presentn
the built-in solverto ensue the geneation of stronger rhs
(asillustratedin Section3.3):

X<Y AY<Z = X<Z
X=Y = X<V.

If theserulesare notalreadyin thebuilt-in solverin our
implementatiorthe user can provide themvery easily by
meansof CHRrules (seeSection3.4). Moreover, usingthis
possibility PROPM INER canincorporateadditionalknowl-
edce givenby the useraboutthe constaint of interest. For
example the user can expressthe symmetryof max with
respecto thethefirstandsecondargumentdytherule:

maz(A,B,C) = maz(B,A,C).

If this rule is addedas a CHR rule to the built-in solver
thenthe PROPMINER algorithm geneatesonly the follow-
ing simplifiedsetof 4 rules:

mazx(A,B,C) = A<C A B<C.
maz(A,B,C) N A=B = C(C=A.
maz(A,B,C) N C£#B = (C=A.
maz(A,B,C) N B<A = (C=A.

Example 4.2 If weconsidertheminimumconstaint min,

a set of rules similar to the rules for maz is geneated
by PROPMINER. Thenthe userhasthe possibilityto add
thesetwo setsof rulesto the built-in solverandto execute
PROPMINER to genemte interaction rules betweenmin

andmaz. This executionis performedwith the following

input

{min(4,B,C) Amaz(D,E,F)}
atomic(#, {A, B,C},{D, E, F})

Basejps
Candlhs =



anda CLP programconsistingof thedefinitionsof min and
maz. Sincethepropagationrulesspecificto min andmazx
alonehavebeenaddedto the built-in solver PROPMINER
takesadvantage of theserules to simplify manyredundan-
cies. Thusonly 10 propagation rules specificto the con-
junctionof min with max are genemted.Example®ofrules
are:

min(A4,B,C) AN max(D,E,F) A

C#E N C#£D = F#C.

min(A4,B,C) AN max(D,E,F) A
B#D N A#D = D#C.

min(A,B,C) A maz(D,E,F) A
C#E N B#D N A#F = F#C.

min(A,B,C) A maz(D,E,F) A
C#D AN B#F N A#E = F#C.

Now, we showv on the following examplethat the user
caneasilydecidethatspecificconstant®f thedomainmust
beusedin theleft handsideof therules.

Example 4.3 The absolutevalue abs, can be definedby
theconstainedclauses

abs(A, B)
abs(A, B)

+~ A<0 A A=(-B).

+— 0<A AN A=B.

Then,the usercan specifywith the following input that the
constant) mustalsobeconsideedto formtheleft handside
of therules:

{abs(A, B)}

atomic(=,{A, B,0},{A,B,0}) U
atomic(#,{4, B,0},{4,B,0}) U
atomic(<, {4, B,0},{4, B,0})

Basejps =
Candlhs =

In thiscase usinganappropriatesolverfor thebuilt-in con-
straints, thefollowing propagationrulesare geneiated:

abs(A,B) = 0<B A A<B.
abs(A,B) AN B#A = A=(—B) A A<O0.
abs(A,B) N 0<A = B=A.
abs(A,B) AN B0 = A=0.
abs(A,B) N A0 = A=(-B).

In [3, 15, 1] first stepstowardsautomaticgeneratiorof
propagatiorruleshave beendone. In theseapproacheshe
constraintaredefinedextensionallyoverfinite domainsby
e.g. a truth table or their solution tuples. This paperis
an extensionof theseprevious works towardsinfinite do-
mains.Overfinite domainsthealgorithmPROPMINER can

beusedto generateherulesproducedy theothermethods.

Example4.4 For the boolean conjunction constaint
and(X,Y, Z) definedby thefollowing clauses

and(X,Y,Z) <« X=0 A Y=0 A Z=0.
and(X,Y,Z) « X=0 A Y=1 A Z=0.
and(X,Y,Z) + X=1 AY=0 A Z=0.
and(X,Y,Z) + X=1AY=1A Z=L

thealgorithm PROPM INER with the following input

Baseys = {and(X,Y,Z)}

Candyps = atomic(=,{X,Y,Z},{X,Y,Z,0,1})

genemtesthefollowing propagationrules

and(0,Y,Z) = Z=0.
and(X,0,7) = Z=0.
and(1,Y,Z2) = Y=Z
and(X,1,72) = X=Z.
and(X,X,Z) = X=Z
and(X,Y,1) = X=1AY=l.

For the negation constaint, neg(X,Y’), the PROPMINER
algorithmgenemtesamongotherrulesthefollowingfailure
rule:

neg(X,X) = false.

5 Conclusionand Related Work

This paperis an extensionof previousworkswherefirst
stepstowards automaticgenerationof propagationrules
havebeendone[3, 15, 1]. Theseworkswherelimited to ex-
tensionallydefinedconstraintsover finite domains.In this
paperwe have presentednapproacho generatgropaga-
tion rulesfrom the intentional definition of the constraint
predicategiivenby meanf a CLP programallowing thus
to handlemoregenerakases.

Computingakind of leastupperboundof a setof com-
putedanswergo a goalin orderto propagatdnformation
betweenresolutionstepshasbeenearly exploredin [14].
Thisframework calledGenealizedConstaint Propagation
doesnot say muchabouthow to computethe leastupper
boundandwhento performpropagatiorsteps.In contrast
to our approachwherethe generatiorof rulesis doneonce
at compiletime, the generalizedpropagatioris performed
only atruntime.

We usedtechniquege.g.,[13]) also usedin the fields
of Inductive Logic Programming(ILP) [11] andInductive
Constraint_ogic ProgrammindgICLP) [12, 8, 10, 9, 16]. In
ILP andICLP the useris interestedo find out logic pro-
gramsand CLP programsfrom examples.In our case,we



generateonstrainsolversin theform of propagatiorrules,
using the definition of the constraintpredicatesgiven by
meanof a CLP program.To ourknowledge thework done
in ILP andICLP have not previously beenadaptedor ap-
plied to the generatiorof rule-basedonstraintsolversand
it seemsmportantto considetthisissue.

Additionally, the field of Constructve Disjunction [6,
17] hasproducedtechniguego extract commoninforma-
tion from disjunctionsof constraintsover finite domains.
In particular thesetechniquedake into accounthe seman-
tics of the arithmeticoperatorscomparisorpredicatesand
interval constraintsduring this extraction. It seemsinter-
estingto investigatehow theseapproachesanbereusedo
enhancehe generatiorof propagatiomrules.

Futurework alsoincludesthe extensionof thealgorithm
presentedh this paperto handlerecursive programdeading
to non-terminatingsxecutions.
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