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Abstract

Equivalence and containment of queries is a crucial is-
sue of database query optimization theory. Among the
different perspectives used to study this problem, we
consider in this work two orthogonal ones: the pres-
ence of inequalities in the queries, and the underlying
semantics, that can be set or bag theoretic. This work
presents a general procedure, QCC (Query contain-
ment Checker), that checks the containment of queries
with or without inequalities, under set or bag seman-
tics.

1 Introduction

Equivalence and containment of queries is a crucial is-
sue of database query optimization theory. Contain-
ment in general is undecidable [12], but was shown
to be decidable for the standard class of conjunctive
queries by Chandra and Merlin [6]. In the latter, the
only comparison operator allowed to occur in queries is
equality. Subsequent studies also considered inequality
queries, i.e., conjunctive queries with inequalities al-
lowed, i.e., built-in predicates of the form XY, where
0 € {=,#,<,<,>,>}. Klug [10] solved the contain-
ment problem for inequality queries. However, his solu-
tion works only for dense domains, but not for constants
taking values from any nondense domain, e.g., the in-
tegers. Other papers related to query containment are
[14, 9]. They show the decidability of problems that are
equivalent to the containment of inequality queries, but
do not offer any constructive procedure for testing con-
tainment. In [4], we presented a necessary and sufficient
condition, along with a procedure, to test containment
of inequality queries.

Most of the studies about query containment, includ-
ing those cited above, assume a set-theoretic frame-
work, as usual in the relational model. However, com-
mercial database management systems use a bag (also
called multiset) semantics. Bag semantics allows for
multiple occurences of identical tuples in a database ta-
ble. Likewise, any SQL query in a commercial DBMS
produces a bag of tuples, unless the Distinct clause
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is used for removing duplicates. The use of a different
collection semantics has strong implications for query
containment. In particular, results achieved for set con-
tainment are not valid for bag containment. Chaudhuri
and Vardi [7] gave partial solutions of the bag con-
tainment problem for equality queries; Brisaboa and
Hernandez specified an exact condition, along with a
decision procedure. They solved bag containment test-
ing of equality queries by transforming it into the prob-
lem of comparing pairs of polynomials over the set of
nonnegative integers. However, there have yet been no
publications, as far as we know, about effectively test-
ing bag containment of inequality queries.

In this paper, we consider two orthogonal aspects of
conjunctive queries: the presence or absence of inequal-
ities, i.e., equality or inequality queries, on one hand,
and the underlying set or bag semantics, on the other.
According to these alternatives, query containment can
be studied under four different perspectives:

e Set containment of equality queries;

e Set containment of inquality queries;
e Bag containment of equality queries;
e Bag containment of inquality queries.

We are going to present a general procedure to test
conjunctive query containment for equality and in-
equality queries, which works under set and bag se-
mantics. The basic idea of this procedure, called QC'C
(Query Containment Checker) is to use only a finite set
of databases built from the body of the query @) to be
tested for containment in some other query. This set
of databases is called the Canonical Database Set of Q
[3], in short: CDBS(Q). For queries @1 and @2, either
equality or inequality queries, under set or bag seman-
tics, we show the following equivalence for @1 < @2
(i-e., the collection of answers to ()1is contained in the
collection of answers to ()2, for all possible extensional
databases):

Q1< Q2 < Vde CDBS(Q1),Q1(d) € Q2(d)



Thus, containment can be effectively checked by using a
finite, typically a small number of dedicated databases
with relatively small extensions.

The rest of this paper is organized as follows. Some
preliminary definitions are given in Section 2. Section
3 describes the basic procedure for testing containment
and section 4 outlines its use for four orthogonal types
of containment. We conclude with a short summary
and an outlook.

2 Preliminary definitons

In the theory of relational algebra, a conjunctive query
is a query using only Selection, Projection and Carte-
sian product operations. In Datalog terminology, a con-
junctive query is a safe, nonrecursive rule whose pred-
icates in the body are defined over EDB (Extensional
Database) predicates [13]. Depending on the presence
or absence of built-in predicates other than = in the
bodies, we distinguish two types of conjunctive queries:

Equality queries where built-in predicates, except
equality, are not allowed._‘The general form of an eq‘ual—
ity query is ¢(X) - p1(Y1),... ,Qn(Yn)- where ¢(X) is
the query predicate and every p;(Y;) is an ordinary pred-
icate defined over EDB predicates.

Inequality queries where also built-in predicates
other than equality may occur in the body. An in-
equality query, in its general form, is a Datalog rule of
the form

aX) = p(V1),...,pu(Ya), Fu, ..., Fy.

where g, )?, pi’s, and Y;’s are defined as above, and
every F} is a built-in predicate of the form XY, being
X and Y either variables that appear in an ordinary
predicate, or constants of the domain (but not both
constants), and 8 € {=,#,<,<,>,>}.

Queries written as Datalog rules are based on the
well-known concept of assignment mappings, denoting
the derivation of facts as answers. An assignment map-
ping [13] 7 from a query @ to a database D is a function
from the symbols of @) to those of D; 7 is the identity
in the predicate names and constants, and it must map
every ordinary predicate in the body of @ to a fact in
D. Tf the query has built-in predicates, the application
of the assignment mapping to them must produce a
formula that evaluates to true. The derived fact corre-
sponds to the application of the mapping to the head of
the rule. Let Q(D) represent the collection of answers
to @ in D, i.e. the facts obtained by applying @ to
D. Under set or bag semantics, Q(D) is a set, or bag,
respectively.

The application of a query is similar for equality and
inequality queries, but, as we shall see, it is different
under set and bag semantics. Under set semantics, both

the relations (tables) in a database and the result of
answering a query are sets of facts or tuples. A tuple
or ground fact in an EDB (Extensional Database) is
represented, under set semantics, as a predicate of the
form p(Ay,...,A;). Under bag semantics, a relation in
a database is a bag or multiset of facts, i.e., every fact
has a certain number of occurrences. In other words,
each fact has an associated integer that indicates its
multiplicity. So, any relation can be represented as a
set of elements of the form p(Aj,..., A;;[m]), where
p(Ai, ..., A4;) is the fact and m is its multiplicity. The
multiplicity of a fact in a relation p of a database D is
represented as |p(Ai,...,4;)|p. Similarly, for a query
@, we represent the multiplicity of an answer fact ¢ in
Q(D) by |t|g(p)- If a fact does not occur in p or Q(D),
then its respective multiplicity is 0.

Let @ be a query of the form
¢ X) - p(V1),...,pn(Y,), and D be a database.
Assume there are [ assignment mappings 71,...,7
from @) to D that return the derived answer fact ¢.
That is,

Every p;(Y;) is mapped by any 7; to a fact pi(4;) in
the database D. Let us abbreviate the multiplicity of
pi(Ai) as my;:

mji = |75(pi(Yi))|p = |pi(As)|p
The multiplicity of ¢ using only the mapping 7; is com-
puted by multiplying the multiplicities m ;s of the facts
reached by the atoms in @); using the mapping 7;:

mj = H |7(0:(Y2))|p

The final multiplicity of ¢ is computed by adding the
multiplicities of ¢ obtained by every individual mapping
Tj:

l l n
ltloupy = Y m; = Z(H |Tj<pi<ﬁ-))|D>
j=1

7j=1 \i=1

A conjunctive query ()1 is set-contained in a conjunc-
tive query @2 (represented Q1 <, @) if and only if, for
all databases D, Q1(D) Cs Q2(D), i.e., the set of facts
returned by @); is a subset of the set of facts returned

by Q2:
Q1 <5 Q2 <= VD, Q:1(D) Cs Q2(D)
Two conjunctive queries (; and (@, are set-
equivalent, Q1 =5 @2, iff Q1 <; Q2 and Q2 <; Q1.

QIESQ2<:>Q1 SSQ2/\Q2 SsQl



Note that we use the symbol C; to represent the sub-
set relationship, instead of the usual C, in order to dis-
tinguish it from the subbag (C;) relationship, defined
below. It is fundamental to test query containment un-
der bag semantics.

A bag B is a subbag of another bag B’ if and only if
every element ¢ in B is also in B’, with at least the same
multiplicity as in B: B C, B' <=Vt € B, |t|g < |t|p’.

The containment of conjunctive queries under bag se-
mantics (bag containment or b-containment, for short)
is defined as follows. A query ); is b-contained in a
query @2, represented (1 <p ()2, if and only if, for all
databases D, Q1(D) Cp Q2(D). That is, the result ob-
tained by applying @1 to any database is a subbag of
the result obtained by Q2 applied to the same database:

Q1 <p Q2 <= VD, Q:1(D) Cp Q2(D)

Ql Sb Q2 — VtaD |t|Q1(D) S |t|Q2(D)

Query equivalence under bag semantics is defined
naturally as mutual bag-containment: Two conjunc-
tive queries 1 and )2 are bag-equivalent (represented

Q1 =p Q2) iff Q1 <p Q2 and Q2 <p Q1.
Q1= Q2= Q1 < Q2N Q2 <p Q1

3 General description of the procedure

The Query Containment Checker (QCC) is a general
procedure for deciding whether a query ()1 is contained
in another query Qs.

Basically, QCC' consists of the following 3 steps:

1. Build CDBS(Q1), the canonical database set for
the query Q.

2. Apply @1 and @2 to all canonical databases d €
CDBS(Q1)-

3. Test if Yd € CDBS(Q1), Q1(d) C Q2(d).

These three steps are essentially the same for the four
cases enumerated above (under set or bag semantics, for
equality or inequality queries), but there will be some
particularization for each specific case.

According to the first step, we begin with describ-
ing the canonical database set for a query ;. The
idea behind canonical databases [3] is to finitely cap-
ture all assignment mappings that could possibly be
applied from a query @) to any database. The Canoni-
cal Database Set for a query @ (CDBS(Q)) is a finite
set of databases with uninterpreted constant symbols
in its facts. It captures all patterns of equalities and
inequalities among all possible constants to which the
variables of () are mapped when (Q is applied to the
database.

The algorithm for building CDBS(Q) can be divided
into two steps. The first, which is common for our

four cases of conjunctive query containment, builds the
canonical databases. These are particularized in the
second step, so that they are suitable for testing a given
specific case. That is done by adding some constraints
to the canonical databases, for the case of inequality
queries, and/or assigning a symbolic multiplicity to the
database facts, for the case of bag semantics. The case
of equality queries and set semantics, being the normal
one, needs no further adaptation.

3.1 Definitions

Let @ be a conjunctive inequality query of the form
Q : q(X‘) = pl(}?l)) s 7pl(}-;l)7K17 s 7KTL'

(From now on, we use this general query definition
throughout, bearing in mind that, by definition, an
equality query is just a special case of an inequality
query. Furthermore, we define:

e db(Q): is the set of ordinary (EDB) predicates in
the body of Q.

e Vo: is an (arbitrary, but fixed) ordering
(Vi,---,Vg) of the set of all variables appearing
in the predicates in db(Q).

o Ag: is a set of g fresh, uninterpreted constants, g
being the cardinality of Vj.

o ()-mapping: A Q-mapping 0; from Vg to Ag is a
g-tuple 8; = (A4;,,...,A;,), where A;; € Ag and
1 < 43,482,...,5 < q. It represents the mapping
01(‘/1) == Ail,...,Gi(Vq) - Aiq-

A @Q-mapping can be applied to a predicate in
the body of @: let 6 be a @-mapping, and
pi(Y1,...,Y:,) be a predicate in . The applica-
tion of 8 to p;(Yi,...,Y;,) is defined as the fact

¢ Canonical database d; = 0;(db(Q)): It is the appli-
cation of the @-mapping 8; to the set of ordinary
predicates in the body of @, that is,

y - 0(@(Q)) -

d; is a database with uninterpreted constants,
which represents a pattern of equalities and in-
equalities among the variables of the query that
are mapped to these constants. All uninter-
preted constants must be mutually distinct (A; #
A, Vi, k1 <j#k <q)).

e Canonical fact tg;: Let () be the query
aX) = p(V),-..,m(V1), K1, ..., Kn, and d; be
the canonical database obtained using the Q-
mapping #;. Then, the canonical fact t4, is the
fact 6;(¢(X)).



3.2 Building the canonical database set for a
query

The full-fledged algorithm to build CDBS(Q1) has
been elaborated in [2, 11]. Its main idea is to deter-
mine all different -mappings (modulo isomorphisms)
applicable to the body of @1 and apply them to db(Q1).
However, instead of describing and using the formal al-

gorithm, let us look at an example to convey the intu-
ition of how to build CDBS(Q).

Example 3.1 Let the query Q1 be ¢(X,Y,Z) : —
r(X,U), r(U,Z), p(U,)Y). Letters A, B,C,D repre-
sent uninterpreted constants, i.e., they identify values
to which the variables in (); could be mapped. That
is, Ag = (4, B,C, D).

There are 4 variables in the body of ()1, which will be
mapped to 4 uninterpreted constants. Therefore, there
are 4* = 256 possible mappings. For example, all the
variables can be mapped to A, all of them mapped to
B, three of them mapped to A and one to B, etc. How-
ever, employing all possible mappings is redundant. For
example, all the variables mapped to A or mapped to B
represent the same pattern of equalities, thus only one
of them is needed. The following cases list all the dif-
ferent patterns of equalities among the variables in the
body of J; when they are mapped to 4 uninterpreted
constants.

Case 1: Each variable in @; is mapped to a differ-

ent value. Then the canonical database 6 (db(Q1))
shown on Table 1 is generated.

Table 1: Canonical databases generated for case 1

[ NAME |  6;(db(Q1)) | MAPPING | ¢4, |
T P XYZU q
01 (A,D) | (D,B) | ABCD | ABC
(D,C)

Case 2: Three variables are mapped to the same value,
the other one is mapped to a different value.
Table 2 shows the four corresponding canonical
databases.

Table 2: Canonical databases generated for case 2

[ NAME | 6;(db(Q1)) | MAPPING [ tq4, |
T D XYZU q

02 (AB) | (BAA) | AAAB | AAA
(B,A)

03 (AA) | (ALA) | AABA | AAB
(A,B)

04 (A, A) [ (A,B)| ABAA | ABA

05 (B,A) | (A,A) | BAAA | BAA
(4,4)

Case 3: Two variables are mapped to the same value
and the other two are mapped to another value.
Thus, 3 canonical databases are generated, as
shown in Table 3.

Table 3: Canonical databases generated for case 3

[ NAME |  6;(db(Q1)) | MAPPING | t; |
r p XYZU q

0s (AB) | (B,A) | AABB | AAB
(B,B)

07 (A,B) | (B,B)| ABAB | ABA
(B, A)

0s (4,A) | (A,B) | ABBA | ABB
(4, B)

Case 4: Two variables are mapped to the same value
and the other two are mapped to different values,
producing the 6 canonical databases shown in Ta-
ble 4.

Table 4: Canonical databases generated for case 4

[ NAME |  6;(db(Q1)) [ MAPPING [ t4, ||
T p XYZ7U q

b9 (A,C) | (CLA) | AABC | AAB
(C,B)

010 (A,C) | (C,B) ABAC ABA
(¢, 4)

611 (A,A) | (A,B) | ABCA | ABC
(4,0)

012 (B,C) | (C,LA) | BAAC | BAA
(G, A4)

613 (B,A) | (4,A) | BACA | BAC
(4,0)

614 (B,A) | (A,C) | BCAA | BCA
(4,4)

Case 5: The four variables are mapped to the same
value. So, only one canonical database, shown in
Table 5, is generated in this case.

Table 5: Canonical databases generated for case 5
[ NAME |  6;(db(Q1)) | MAPPING | tg ||

T P XYZU q
015 (AA) | (AA) AAAA AAA

To summarize, we have generated 15 canonical
databases for @1, using all possible Q-mappings that
are mutually non-isomorphic. With four variables,
there are 256 different possible canonical databases, but
there are only 15 really different (non-isomorphic) ones.
In [2], a procedure to compute the number of databases
(the number of non isomorphic @-mappings) in terms
of the number of variables in the conjunctive query is
described. O



4 Use of QCC to test different types of
containment

The use of canonical databases in QCC, the general
procedure to test whether a conjunctive query @ is
contained in a conjunctive query ) is based on the
fundamental property that the set (or bag) of facts of a
database D reached by an assignment mapping from ()4
to D (used to derive a new fact) is always isomorphic
to some canonical database d; in CDBS(Q;). QCC
consists of the following three steps.

Step 1: Build CDBS(Q1), the set of canonical
databases for the query (.

The exact algorithm to build CDBS(Q1) is de-
scribed in [11]. Its last step is the adaptation of
the canonical databases to check each specific case
of query containment. For example, CDBS(Q1)
must include multiplicities in the facts to check
bag containment of equality queries, or constraints
to check set and bag containment of inequality
queries.

Step 2: Apply @1 and @2 to all canonical databases
d € CDBS(Q1) in order to derive the canonical
fact t4.

The application of both queries intend to derive
only the canonical fact t;. Besides, all the map-
pings from either @1 or ()2 that derive t4 will be
considered. However, under set semantics, we only
need to apply ()2 to the databases since, as we
will see, ; always obtains the canonical fact, by
construction of CDBS(Q1)-

Step 3: Check the containment.

Query containment holds (i.e., @; < @») if and
only if 2 obtains the canonical fact t4 from all
d in CDBS(Q1). Under bag semantics, Q2 must
obtain it with at least the same multiplicity as Q1.

The main advantage of QCC' is that these three steps
are invariant for many different kinds of containment,
such as equality and inequality queries under set or bag
semantics. There will be, of course, some adaptations
for each specific case, but conceptually, every step of the
procedure does the same in all cases. Therefore, QCC
is a general procedure for testing conjunctive query con-
tainment. Let us see now how this procedure is applied
to test each type of continment.

4.1 TUse of QCC to test set containment of
equality queries

Although this problem has already been solved by
Chandra and Merlin [6], we show that QCC also works
for this case.

Let Q1 and @2 be two equality queries under set se-
mantics. The procedure to test if Q1 <; Q2 is the
following.

Step 1: Build CDBS(Q).

For this particular case, canonical databases do not
need any further transformation.

Step 2: Apply @ and Q- to every d € CDBS(Q1) in
order to obtain the canonical fact.

There is no real need to apply @1 to each canonical
database because, by the way they were built, we
already know that ()1 obtains the canonical fact,
using an assignment mapping isomorphic to the
respective (Q-mapping. So, we only try to find an
assignment mapping from ()2 to every canonical
database to derive the canonical fact.

Step 3: Testing containment. If )2 obtains the
canonical fact from every canonical database d €
CDBS(Q1), then Q1 <;s @2, else @; is not con-
tained in Q5.

The use of QCC for this case is very similar to the so-
lution by Chandra and Merlin [6]. Note that the canon-
ical database d; built using a @-mapping that maps
every variable of (J; to a different uninterpreted con-
stant is isomorphic to the body of ();. Thus, finding an
assignment mapping from @), to such d; (that is, apply-
ing Q)2 to d;) is exactly the same problem as finding a
containment mapping from 2 to ()1, which is the only
needed condition for testing set containment of equality
queries shown in [6].

4.2 Use of QCC to test set containment of in-
equality queries

In this chapter, the inequality queries @; and Qo will
be represented as

Q1:q(W) = pi(V1),...,pi(V2), K. ., Kn.
Q2:9(V) - p1(Z1), ..., pk(Zi)s Fiy. ., P

where the p;’s are ordinary predicates, and K;’s and
F;’s are built-in predicates.

The three steps of QCC' to check set containment of
inequality queries are the following.

4.2.1 Step 1: Build CDBS(Q,)

Let @; be an inequality query, and D a ground
database. In order for (); to obtain a fact from D,
there must exist (at least) one assignment mapping 7
from @; to D such that the constants in the tuples of D
reached by the variables in the body of ()1 using 7 sat-
isfy the constraints expressed by the built-in predicates
of Ql-

Given that canonical databases are used to test
query containment, we are interested in those canon-
ical databases from which () derives the canonical fact



(if @1 does not obtain it, the fact that Q2 derives it or
not is irrelevant for the containment). Therefore, the
canonical databases used to test set containment of in-
equality queries will have associated some constraints
that ensure that (); will obtain the canonical fact from
them. These constraints will be denoted constraints(d)
for any canonical database set, and are composed of two
sets of constraints:

1. All uninterpreted constants must represent differ-
ent values for constants. Therefore, Vi,j (1 < i #
J<q) A; # Aj. (qis the cardinality of Vp, i.e.,
the number of variables in Q).

2. The second set of constraints is built by apply-
ing the )-mapping 6; used to build the canonical
database d; = 6;(db(Q1)) to the built-in predicates,
(6:(K1) A -+ AB;(K,,)). This set of constraints re-
flects the built-in predicates in the body of Q.

If a canonical database d; does not satisfy
constraints(d;), it will not be used to testing set con-
tainment, because it is not possible to build a ground
database isomorphic to it from which (J; obtains the
canonical fact.

Example 4.1 Let (); be the following query:
Ql : Q(XaY) = T(X,Y),p(U, V),p(V, U)aX >
Y.
One of the canonical databases built from @ (using
a (Q-mapping that maps every variable to a different
uninterpreted constant) is the following.

CDB tq, | Q-mapping
r | p q XYUV
AB|CD|AB| ABCD
DC

The following formula is associated to this canonical
database

constraints(d) = (A# B)AN(A#C)AN(A# D)
ANB #C)N(B# D)A(C #D)A(A> B).

This formula is satisfiable, so it will be considered. If
constraints(d) were unsatisfiable, this database would
not be taken into account for containment testing. O

4.2.2 Step 2: Apply 1 and @2 to all canonical
databases

This step applies @1 and - to all canonical databases
trying to derive the canonical fact t;. By adding
constraints(d) to every canonical database d, we en-
sure that ()1 always obtains t4, therefore there is no
need to apply @1 to each d € CDBS(Q1). However, it
is necessary to apply ()2 to all canonical databases in
order to derive the canonical fact.

Intuitively, the method used to test if t4 € Q2(d) is
the following;:

1. Find 7,...,7, the assignment mappings from @
to d.

2. Build a formula F: Start with F' = constraints(d),
and add the negation of the application of the as-
signment mappings 71, ...,7; to the built-in pred-
icates of Qs:

F = constraints(d) A —[r(Fi)A...A
T(ER)] A oo A S[m(F) Ao AT(F))

3. If F is unsatisfiable, then )2 always derives the
canonical fact. Otherwise, Q2 not always derives
the canonical fact (which is enough for the con-
tainment not to hold).

The following example illustrates the test of mem-
bership of a tuple in Q2(D).

Example 4.2 Consider the query (); and canonical
database from Example 4.1, and the following query
Q2:
QZ : Q(X: Y) - T(Xa Y),p(U, V),U < V.
There are two ways to map the ordinary subgoals of
Q2 to d in a way to obtain the canonical fact ¢(A, B).
These are

Tl(X,%: A; n(Y)=B; n(U)=C; (V)=
Tg(Xg =A; »Y)=B; n{U)=D; (V)=

We use both mappings to test whether ¢(A, B) belongs
to Q2(d), checking if the following formula is not satis-
fiable:

constraints(d) A —(m (U < V) A=(r(U <V))

The procedure described in [4] can be used to check the
satisfiability of this kind of formulas. However, due to
the simplicity of the formula, this check can be done
directly, in this example, . The above formula is not
satisfiable, since

constraints(d) A—(m (U < V)) A=(n(U < V))

constraints(d) A ~(C < D)AN—(D < ()

constraints(d) A (C > D) A (D > C)

unsatis fiable

The unsatisfiability of the formula means that, for any
ground substitution «, Q2 always obtains a(tq;) from
a(d;), because either C < D or D < C is true. That
makes possible to apply at least one of the assignment
mappings from @, to d, satisfying the built-in predi-
cates in (). Therefore, g(4, B) € QQ2(d). O



4.2.3 Step 3: Testing set containment

In the previous step, we showed how to check if the
canonical fact ¢4 belongs to Q2(d) for any canonical
database d € CDBS(Q1).

If, for all canonical databases d € CDBS(Q1), tq €
Q2(d), then Q1 <5 @2, otherwise the containment does
not hold:

Q1 <; Qo <= Vde CDBS(Ql), tq € Qz(d)

4.3 Use of QCC to test bag containment of
equality queries

Using QCC to test bag containment of equality queries,
we only need to test containment over the set of canon-
ical databases built from the body of ;. Therefore,
for a suitable bag containment test, every canonical
database must have a symbolic multiplicity associated
to each of its facts.

The complete description of the procedure to test bag
containment of equality queries has been given in [2].
We shall show here how this procedure perfectly fits
into the 3 steps of QCC.

4.3.1 Step 1: Build CDBS(Q1)

In order to test bag containment of equality queries,
canonical databases will be adapted to include symbolic
multiplicities in their facts. Then, for each canonical
database d; = 6;(db(Q1)), we add a symbolic multiplic-
ity to each fact in it. Every fact will be of the form

di = {p(6:(V1),...,0:(Y1); [m]) | p(Y1, ..., Y1) € db(Q1)}

where each m is a new, different identifier that repre-
sents the multiplicity of the fact p(6;(Y1),...,0;(¥7)) in
d;.

Example 4.3 Let ()1 and @2 be the following equality
queries.

Q1: ¢(X) - p(X),r(Y,Z),r(Z,Y).
Q2: Q(X) = p(X),’I“(U, V)aT(U: V)

The set of canonical databases for (); is shown in Ta-
ble 6.
O

4.3.2 Step 2: Apply @)1 and @)- to all canonical
databases

In this step, @1 and (- will be applied to every d; €
CDBS(Q1) in order to obtain the canonical fact tq,
with a certain multiplicity. Note that there can be more
than one assignment mapping from either (); or Q2 that
derive the canonical fact. In that case, all assignment
mappings must be taken into account to compute the
final multiplicity of the canonical fact.

Table 6: Canonical Database set for ()1

@-mappings CDB tq
XY Z p | r q
[ [A A A [Am[ Adlm,] [A]
dz A A B A[mp] AB [mrl ] A
BA[mrg]
d3 A B A A[mp] BA[mTl] A
AB[mTz]
di |B A A | Bm,] | AAm,] | B
ds |A B C | Amy] | BClm,1] | A
C’B[mrz]

Example 4.4 (Continued from Example 4.3).

The column CDB in Tables 7 and 8 shows the canon-
ical databases, whose facts have a symbolic multiplic-
ity. The column t4 shows the canonical fact for each
database. The last column shows how @i (in Ta-
ble 7) and @2 (in Table 8) are applied to each canonical
database to derive the canonical fact. The multiplici-
ties of the canonical facts obtained by @)1 and Q> are
computed as shown in Section 2. Let us show how to
compute the multiplicity of ¢4, = g(A) obtained by Q1:

There are two assignment mappings 71 and 75 from
Ql to dg:

n(X)=A4;, n(Y)=A4;, n(Z)=B
n(X)=A; nY)=B; n(Z)=A

Applying 11 and 75 to the body of @1, we get

npX)) = pl4m]); nrY,2) =
(A, B;[ms1]); 1(r(Z,Y)) = r(B, A; [myo]
n@PX)) = plAm]); 7(0l,2) =
(B, A;[mqs]); 72(r(Z,Y)) = r(A, B;[mn])
Therefore, the multiplicity of p(A) using m is
MpMp1Mypo; using 7 is mpmpeomyi. Then, the final
multiplicity is
ltazlQie) = 12(A)lQi@s) = mpmrimes +
MpMp2Mir] .
The rest of the multiplicities is calculated in the same
way.
O

4.3.3 Step 3: Testing bag containment

Up to this point, we have created CDBS(Q1) and com-
puted the multiplicity of every canonical fact obtained
by Q1 and Q>.

This last step of QC'C compares the polynomials that
represent the multiplicities with which ; and @2 ob-
tain every canonical fact. If Q2 obtains the canonical
facts with at least the same multiplicity as (); for all
canonical databases, then the containment holds, else
@1 £p Q2. Thus, the containment problem is reduced
to a polynomial comparison. For this comparison, the



Table 7: Multiplicities of the canonical facts obtained
by Ql-

CDB tq Applying Q1
P r q || As. mapps. [talo,
XYZ
[di | Almp] | AA[m,] JTA [ AAA ] mpm2
dy | Almp] | AB[m,1] | A AAB MmpMp1 M2+
BA[mya] ABA MpMyr2Mr1
ds | Almp] | BA[mr] | A ABA MpMr1Me2+
AB[mg2] AAB MpMyp2My1
da | Blmp] | AA[m;] B BAA mpm?
ds | Almp] | BC[ms1] | A ABC MmpMyr1Mr2+
CB[m2] ACB MpMy oMyl

Table 8: Multiplicities of the canonical facts obtained
by Q2.

CDB tq Applying Q2
D T q As. mapps. [talgs
XUV
(@ [ Al [ A [A AAA | mpriZ |

dy | Almp] | AB[ms1] | A AAB mpmZ,+
BA[mya] ABA mpm?2,
d3 | Almp] | BA[ms1] | A ABA mpmZ,+
AB[my2] AAB mpm2,

ds | Blmp] | AAlm,] | B AAA mpm2
ds | Almp] | BClms1] | A ABC mpmZ,+
CB[my2] ACB mpm2y

method presented in [3] can be used. In Example 4.4,
for all canonical databases d, |talg,@) < [tdlQ.(a)-
Thus, for this example, @1 <p Q2.

4.4 TUse of QCC to test bag containment of in-
equality queries

The first step of QC'C for this type of containment must
adapt the canonical databases including multiplicities
in their facts and constraints that specify which as-
signment mappings from @1 to any d; € CDBS(Q1)
can be applied. The second step applies Q1 and @2 to
all canonical databases, obtaining the canonical facts
with some multiplicities. The third step tests bag con-
tainment by comparing the polynomials that represent
those multiplicities.

4.4.1 Step 1: Build CDBS(Q1)

In order to test bag containment, canonical databases
will include multiplicities in their facts, as in the pre-
vious chapter. Once the canonical databases are build,
@)1 and Q> are applied to each one of them, in order
to derive the canonical fact. The main goal, as in the
previous section, is to obtain a polynomial that repre-
sents this multiplicity. In order to obtain it, all assign-
ment mappings must be applied, because each one con-

tributes a monomial to the polynomial representing the
multiplicity. However, due to the presence of inequal-
ities in the queries, it is not clear when each assign-
ment mapping can be applied. Adding constraints(d)
to each canonical database, as for testing set contain-
ment, is not restrictive enough to let us know which as-
signment mappings from ()1 to each canonical database
can be applied, as Example 4.5 shows.

Example 4.5 Consider the following query )1 and the
canonical database d;:

Q1 : q(X,Y) - T’(X,Y),p(X,Z),p(Y,V),X <V.

Q-Mapping 61(db(Q1)) ta
[XYZV ) q
di | AABC | AA[m,1] | AB[mp1] || AA
AC[mp2]

constraints(di) =(A#BAB#CANA#C)NA<C

There are 4 possible ways of applying ()1 over d;, using
the assignment mappings 7y through 74, shown in the
following table:

[ [rxY) pxX,2) p(v;V) X<V |
1 T(Aa A) p(A: B) p(Aa C) A<C
T2 (A, A)  p(A,B) p(4,B) A<B
T3 | 7(4,4) p(4,C) p(A,B) A<B
m | r(AA) p(A.C) p(A,C) A<C

The mapping 71 is isomorphic to 6, and it can always
be applied, because the application of 71 to the built-in
predicates of @1, (X < V) = A < C, is already in
constraints(dy). The assignment mapping 74 applied
to the built-in predicate of @)y is also A < C, thus 74
can always be applied.

However, the application of 7 and 73 to X < V is
A < B, which is not in constraints(dy), so it is not pos-
sible to decide if 7» and 73 can be applied to d;. There-
fore, the multiplicity of the canonical fact obtained
by @1 is either myimpimps + mrlmfﬂm when only
7 and 74 can be applied, or mampymys + mpm2; +
Mp1Mp2Mp1 -l-mrlmf,2 when the 4 mappings can be ap-
plied. Therefore, the multiplicity of the canonical fact
obtained by ()1 is not exactly known. O

Since the multiplicity of the canonical fact obtained
by @, will be compared with the multiplicity ob-
tained by Q-, it is clear that constraints(d), defined
identically as for testing set containment of inequality
queries, are not restrictive enough to specify when a
given set of assignment mappings from ()1 to each d;
can be applied.

The idea to solve this problem is to adapt the canoni-
cal databases so that (01 obtains the canonical fact with
a predefined multiplicity (that is, using a fixed and pre-
determined set of assignment mappings). This can be
done by splitting each canonical database into several



ones, with exactly the same facts, but adding the con-
straints necessary to fix the assignment mappings that
can be applied from Q).

Example 4.6 Splitting d; from Example 4.5 into two
canonical databases di and d? that have the same bag
of facts as d;, but different sets of constraints, as shown
below, achieves this goal.

constraints(dl) = (A#BAB#CANA#C)NAL
CA—-(A<B)
constraints(di) = (A#BAB#CANA#C)ANAL
CNA<B

It is clear that the assignment mappings applicable to
each canonical database (71 and 74, but not 7» and 73, to
d}, and the 4 mappings to d?) are completely specified
with the new constraints. O

The assignment mappings from @; to a canonical
database are divided into two groups: one assignment
mapping that can always be applied (the one isomor-
phic to the @-mapping used to build the canonical
database) and the remaining ones, denoted possible
mappings and represented M. Using M, we can de-
scribe completely the constraints associated to canon-
ical databases to test bag containment of inequality
queries. The formula constraints(d;) is composed of
three sets of constraints.

e Constraints that specify that all uninterpreted con-
stants are different.

e Constraints that reflect the built-in predicates of

Q1.

e Constraints that specify which sets of mappings,
from ), to d;, can be applied and which ones can-
not.

This set of constraints establishes which set of
mappings M; C M is applicable, by adding either
[1: (K1) A -+« A1 (Kp)], if the assignment mapping
7; can be applied (r; € M;), or =[r;(K1) A -+ A
7;(Kp)] if it cannot (7; & Mj), Vi,2 <i <, where
K’s are the built-in predicates of ).

4.4.2 Step 2: Apply )1 and @2 to all canonical
databases

This section shows how to apply @)1 and ()2 to a canon-
ical database in order to derive only the canonical fact.

Application of ); to a canonical database:

By construction of CDBS(Q1), the assignment map-
pings from ()1 that are applicable to a canonical
database d are known. Therefore, the multiplicity of
the canonical fact ¢; obtained by (1 is computed by
adding the multiplicities obtained by each single map-
ping that is applicable from @); to d.

Application of (); to a canonical database:

Similiarly as for @, there will be different sets of
assignment mappings that can be applied from @2 to
d such that (> obtains the canonical fact. For each of
these sets, a different multiplicity for the canonical fact
is obtained, and all of them must be considered. In
order to compute such multiplicities, it is necessary to
study which sets of assignment mappings from @2 to d
(to obtain the canonical fact) can be applied.

In this case, there is no guarantee that an assignment
mapping isomorphic to the Q-mapping exists, thus all
assingment mappings are possible mappings. Let M’ =
{71,...,Tm} this set of possible mappings from @3 to
d. All the subsets of M’ are are parts of M':

PM') =

{0, {n},..., {mm}, {7r,m2} -y {m1y-. o, Tt} =
{ML, .o My 1}

It is necessary to test which sets of mappings can be
applied from @) to d. For each case, we shall build a
formula that is the conjunction of constraints(d) and
the constraints that force a set of assignment mappings
M in P(M') to become applicable. These constraints
are added to the formula in the following way:

e Let M be a set of mappings in P(M’).

e For each mapping 7, € M', if 7, € M}, then add
7(F1 A ... A F,.) to the formula, otherwise add
—(1(F1 A...AF.)), where the F’s are the built-in
predicates of Q5.

e The resulting formula must be satisfiable if the case
needs to be considered. If the formula is unsatis-
fiable, it would mean that ()2 cannnot obtain the
canonical fact using exaclty the assignment map-
pings in M}, because the built-in predicates of Q2
would not be satisfied. Therefore, if the formula is
unsatisfiable, the case is discarded. For each case
with a satisfiable formula, the multiplicity of the
canonical fact obtained by )2 is the sum of the
multiplicities obtained by @2 using only the map-
pings in M;. Let us denote this multiplicity as

(Ital@s(ay) asy -

We need to compute the multiplicity of the canon-
ical fact for all possible cases because the multiplicity
obtained by ()1 must be compared with all of them in
order to prove bag containment. A specially important
case is the one that corresponds to the empty set of
mappings. If it produces a satisfiable formula, it means
that there is a possibility that none of the assignment
mappings from (), to d can be applied, so Q2 does not
derive the canonical fact (the multiplicity would be 0).
In that case, the procedure can stop, concluding that
bag containment, does not hold.



4.4.3 Step 3: Testing bag containment

This step compares the multiplicity of the canonical
fact obtained by ()1 (which is unique for each canonical
database) with all multiplicities (corresponding to the
different sets of mappings) obtained by Q2. If, for all
cases (and for all databases), the multiplicity obtained
by @2 is always at least as high as that obtained by @1,
then the containment holds (Q1 <p Q2), else Q1 £p Q2.

5 Conclusion

Along the two independent dimensions of comparison
operators in queries (first) and collection types of an-
swers (second), we have picked the alternative cases of
equality or inequalitiy queries, on one hand, and sets
or bags of answers, on the other. The main contri-
bution of the paper is the outline of an effective, uni-
form algorithm, called QCC, for testing query contain-
ment. It applies to each of the four different cases in
the space spanned by the cases just mentioned. That
is, QCC applies to each of the four different “perspec-
tives” identified in the introduction. It builds on the
concept of “canonical database set”, as introduced in
[3]. In particular, we have shown that QCC can be
specialized to a procedure for testing containment of
inequality queries under bag semantics, which, to our
knowledge, hitherto has not been discussed in the liter-
ature. This case is more general and more interesting
than the other three, since inequality queries are more
general than equality queries, bags are more general
than sets, and bags are default in commercial DBMS.

In future work, we are going to discuss an alterna-
tive method for checking set containment of inequality
queries, using a theory of formula subsumption, and
set it off against the proposal discussed in this paper.
Also, we intend to investigate the applicability of the
QCC approach to validating various database schema
properties, as defined in [8], such as the “redundancy”
of integrity constraints, which involves a generalization
of the concept of query containment with regard to
database integrity. Also, it should be interesting to
target an extension of QCC to other collection types,
e.g., the resource-oriented collections of Linear Logic
[5], or the location- and communication-aware contain-
ers of the XML-based semi-structured data description
language of RDF [1].
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